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Outline

• The KL – KS mass difference

• Current lattice capability 

• The KL – KS mass difference from 

Euclidean space

• Finite volume correction

• Numerical experiments
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Physics Context
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•  S=1 weak interactions allow K0 and K0 to mix.

• New eigenstates are approximately:

• Small mass difference: MK = 3.483(6) x 10-12 MeV
• Effective                 o   operator

would give MK = 3 x 10-12 MeV
for  = 1000 TeV
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K0 – K0 mixing
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• CP violation leads to KL and KS states which are not 
CP eigenstates:

• Here  is closely related to

• Where | | = (2.228 0.011) x 10-3
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K0 – K0 mixing: Indirect CP Violation
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K0 – K0 Mixing
• Time evolution of K0 – K0 system given by familiar 

Wigner-Weisskopf formula:

where:
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K0 – K0 Mixing

• CP violating: p ~ mt

• CP conserving: p  mc
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K0 – K0 Mixing

• CP violating: p ~ mt

• CP conserving: p  mc
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Long distance part is a small 
but important contribution: 
following talk of Ziyuan Bai

Long distance part is large. 
QCD perturbation theory 
fails at the 30% level.
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Lattice QCD
in 2015
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Current state-of-the-art
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• Use chiral fermions: Mobius DWF
• Physical m=135 MeV and L = 4 – 6 fm.
• Generate 483 x 96 and 643 x 128.
• Many complex ingredients:

• Highly optimized code (64 threads, SPI comms., wide-vector FP)

• Sophisticated algorithms (deflation, FG (t)3 integrator, multigrid)

• Complex measurement strategies (NPR, G-parity BC, 5-pt 
functions, all-mode-averaging)

• Complete set of measurements took 5.3 hours on a 
32-rack BG/Q machine (sustains 1 Pflops)



Simple state-of-the-art 
example:   f

• 2012 (elaborate chiral fit): f = 127(3)stat(3)sys MeV

• 2013 (m=135 MeV): f = 130.0(0.3)stat MeV (40 configs.)

• Experiment:                  f = 130.4(0.04)(0.2) MeV
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MK from 
Euclidean space
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• Replace W exchange by four-Fermi operator:

• Use 4-flavor theory incorporating GIM cancellation
• Amplitude is regular when the two weak operators 

collide: x  y 
• This long distance calculation is self-contained with 

no subtraction or perturbative correction needed!
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MK from Euclidean space
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MK from Euclidean space

• Start with H = HQCD + HW

• Calculate:

• The  ... terms include |0| and |  states 
with energy below MK

• These fall with increasing t exponentially less 
rapidly that the term of interest!
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MK from Euclidean space

• Evaluate standard, Euclidean, 2nd order K0 – K0 

amplitude:

tb - ta tb - titf - tb
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Interpret Lattice Result

 mK
FV

2. Uninteresting constant

3. Growing or decreasing exponential:  
En < mK must be removed!

1. 2.

3.
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N.H. Christ, X. Feng, G. Martinelli, C.T. Sachrajda

• Finite volume correction:
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Finite volume correction
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N.H. Christ, X. Feng, G. Martinelli, C.T. Sachrajda

• Exploit Kim, Sachrajda and Sharpe arXiv:hep-lat/0507006

=

=

=
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Numerical 
Experiments
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• Use four-Fermi operators in the four-flavor theory:

• Use Rome-Southampton NPR and 4-flavor 
RI/SMOM / MS-NDR matching from Lehner and 
Sturm

• Assume Cabibbo unitarity:
0 = u + c + t  u + c where q = Vqd Vqs

*
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Choice of weak operators 
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Lattice setup
• Must include charm quark (GIM u–c cancellation)

• Three calculations performed:
– 163 x 32,  mp = 420 MeV,  types 1 & 2 (arXiv:1212.5931)

– 243 x 64,  mp = 330 MeV, all graphs     (arXiv:1406.0916)

– 323 x 64,  mp = 170 MeV, all graphs 

Type 1 Type 2

Type 3 Type 4
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Jianglei Yu

Ziyuan Bai
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Exponentially growing terms

• The vacuum,  0 and  require special treatment:
– Calculate X | HW | K0 directly and subtract, X = |00, 

– Fit the exponential time dependence in the 4-point function

– Adjust cs s d or cp s  5d terms to completely remove two 
unwanted states.
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vary cs vary cp
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Remove extra contribution

• Calculate  | HW | K0 directly and remove

• Has an  ~10% effect on the result
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K0 K0




Lattice results
(Jianglei Yu)

• Nf=2+1,  243 x 64,  m = 330 MeV,  mc
MS(2 GeV) = 949 MeV

• Incorporate GIM cancellation

• Large statistics (800 configurations, 64 measurements each).
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Results

• Unphysical, m = 330 MeV

• Active charm but mc a = 0.55

• 802 x 96 x 192, 1/a=3.0 GeV 
calculations planned!
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x 10-12 MeV

x 10-12 MeV

• Result:                                  
MK =   3.30(34) 10-12 MeV

• MK
expt = 3.483(6) 10-12 MeV

• Agreement fortuitous!
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New m = 170 MeV calculation 
(Ziyuan Bai)

• Nf=2+1, 323 x 64, 1/a=1.37 GeV

• Charm:  mc = 592 and 750 MeV
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Q1

Q2m



• Use mc = 750 MeV, fit for t 8

• Disconnected contribution small
• contribution  and FV correction 0.5%

m = 170 MeV results 
(Ziyuan Bai)
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MK x 10

Types 1-4 5.76(73)
Types 1-2 4.19(15)
 0
 0.27(14)
 -0.097(49)
 -6.56(6) x 104

FV 0.029(19)
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Outlook
• The KL – KS mass difference in the standard model 

(and beyond) is a practical target for lattice QCD.
• A result with controlled 15-20% errors should be 

possible in ~2 years, as soon as 1/a 3 GeV ensembles 
become available.

• Sub-percent accuracy possible in 5-10 years!

• An exciting time for lattice QCD:
– K   I=3/2 and 1/2,   

– mKL – mKS and 
– K0   l l ,  K±   ± 

– Quark effects on g- 2 at O(3)
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