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Outline

• Back-to-back limit

• Why dijet production?

• NLO corrections

• CGC beyond TMDs 



Why inclusive dijet production in DIS?
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In the back-to-back limit contact with the  
(transverse momentum dependent) TMD formalism 

Weizsäcker-Williams TMD

Complementary process to fully inclusive 
Study dependence on kinematic variables, correlations, etc 

Simplest observable featuring the quadrupole. 
Validity of JIMWLK factorization beyond the dipole

<latexit sha1_base64="rl2qBDyqx3SWyg+6kEw9Gh+aXF0="></latexit>

QY (x?,y?;y
0
?,x

0
?)

=
1

Nc
hTr

⇥
V (x?)V

†(y?)V (y0
?)V

†(x0
?)

⇤
iY

Δϕ

<latexit sha1_base64="lg3gXOzXKXqQqbcdstyJ1PA2o5g="></latexit>

k1?

<latexit sha1_base64="iZR+oFYal8mvIkW4ZqBM5n0cdjc="></latexit>

k2?

Suppression of back-to-back peak potential 
signature of gluon saturation (dihadrons)
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Zheng, Aschenauer, Lee, Xiao (2014)

Dumitru, Skokov, Ullrich (2019)

Dominguez, Marquet, Xiao, Yuan (PRD 2011)

Jets are better proxies of hard partons (than hadrons)

Kharzeev, Levin, McLerran (2005) Marquet (2007) 



Artwork: T. Ullrich

Emergence of an energy and nuclear specie dependent momentum scale

Multiple scattering (higher twist effects)

Non-linear evolution equations (BK/JIMWLK)

Anatomy of nuclear matter in the high-energy limit

4Review of gluon saturation. Morreale, FS (2021)
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Dijet production beyond TMDs

Unpolarized differential cross-section:

dipoles quadrupole
5
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Dense gluon field  needs resummation of 
multiple gluon interactions
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Computation in the CGC: resummation of multiple scatterings

Dominguez, Marquet, Xiao, Yuan (2011)
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Weizsäcker-
Williams gluon TMDHard factor
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+O(Qs/P?)

Hard factor resums 
kinematic powers  k⊥/P⊥

Dominguez, Marquet, Xiao, Yuan (2011)

Altinoluk, Boussarie, Kotko (2019)
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Dijet production beyond TMDs

TMD valid  k⊥, Qs ≪ P⊥

back-to-back hadrons/jets 
and transverse momenta larger 

than sat scale

Improved TMD valid  Qs ≪ P⊥

transverse momenta larger 
than sat scale
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Resummation of power corrections and genuine saturation corrections
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Boussarie, Mehtar-Tani (2020)

R. Boussarie, H. Mäntysaari, FS, B. Schenke (2021)



 and  dependence of genuine saturationQ2 P⊥
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Near back-to-back  the ratio of CGC/TMD is sensitive to genuine twistsk⊥ ≈ 0
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Dijet production beyond TMDs
Momentum imbalance elliptic anisotropies: TMD vs ITMD vs CGC
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One-loop contributions

Ayala, Hentschinski, Jalilian-Marian, Tejeda-Yeomans (2017)

Amplitudes
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Altinoluk, Boussarie, Marquet, Taels (2020) 
with LCPT and  Q2 = 0

Hänninen, Lappi, and Paatelainen (2017) with LCPT

Beuf (2016) with LCPT 

Taels, Altinoluk, Marquet, Beuf (2022) with LCPT and Q2 = 0
Boussarie, Grabovsky, Szymanowski, Wallon (2016) for exclusive dijets

Caucal, FS, Venugopalan (2021) 
Computed all diagrams within covariant PT for 

inclusive dijets
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Cancellation of divergences: UV and soft

•UV divergences cancel among virtual diagrams: cancellations of poles 1/ϵ

One-loop corrections
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•Soft divergences in real and virtual diagrams: cancellation of double logs/poles
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One-loop corrections
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•Need to define IRC safe observable  jets→

Caucal, FS, Venugopalan (2021)

Cancellation of divergences: IR and collinear
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•Remaining IR divergence in V2 manifesting as  pole1/ϵ
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•Exclude slow gluon divergence phase space (must go into evolution)

•Other jet algorithms can be implemented  modify impact factor (finite piece)→

•Collinear divergence contains  pole cancels IR pole1/ϵ



Slow gluon limit and JIMWLK factorization
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One-loop corrections
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JIMWLK LL Hamiltonian acting on LO color structure

Small-x evolution of dipole and quadrupole!
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Dominguez, Mueller, Munier, and Xiao (2011)

Caucal, FS, Venugopalan (2021)



In the back-to-back limit we expect the appearance of double and single 
Sudakov logarithms

Back-to-back limit
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Single logs depend on jet algorithm… Computed in collinear factorization see Sun, Yuan, Yuan (2015)
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• Take back-to-back limit of impact factor (real diagrams with soft divergence)

Back-to-back limit
Where is the Sudakov in our computation?
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Back-to-back limit
Sudakov resummation and kinematically improved small-x evolution

15
Taels, Altinoluk, Marquet, Beuf (2022) for photo-production.
Caucal, Schenke, FS, Venugopalan (in preparation)

Phase space for naive separation 
small-x evolution

Phase space for kinematically 
improved evolution

• Positive (wrong) Sudakov double log


• NLL small-x evolution will suffer from 
collinear divergences

• Correct Sudakov double log


• Collinearly improved small-x evolution
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Back-to-back limit
TMD factorization breaking at NLO
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• At NLO finite pieces containing correlators beyond the Weizsäcker Williams TMD

• LL small-x evolution of the Weizsäcker Williams TMD is not a closed equation 
(even at large Nc)!

• In the dilute limit, LL evolution follows BFKL (closed equation) and finite pieces 
simplify to dipole gluon TMD  TMD factorization: Sudakov resummation + 
small-x resummation

→

See Dominguez, Mueller, Munier, and Xiao (2011)

As conjectured in Mueller, Xiao, Yuan (2013)

• Saturation introduces factorization breaking terms at NLO. How large are these 
contributions? Expected to be enhanced for nuclei!

See also Taels, Altinoluk, Marquet, Beuf (2022)

Caucal, Schenke, FS, Venugopalan (in preparation)
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Summary

Saturation, linearly polarized gluons, azimuthal correlations, etc

Cancellation of divergences, rapidity evolution, and impact factor

Interplay between Sudakov resummation and kinematically improved evolution 
TMD factorization breaking

From Wilson lines to TMDs and beyond 
(kinematic and genuine twists)

• Back-to-back limit

• Why dijet production?

• NLO corrections

• CGC beyond TMDs 



Future directions
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• Massive quarks: heavy quark and quarkonia production

• Alternative way to distinguish soft/rapidity divergences 
using SCET

• Numerical predictions for dijets at NLO 

• Connection to RHIC and LHC physics via UPCs 
(photo-production limit)



Back-up Slides
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Forward dihadron azimuthal correlations and gluon saturation

Dihadron suppression 
back-to-back peak

Zheng, Aschenauer, Lee, Xiao (2014) 
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Dijet azimuthal asymmetries 
in momentum imbalance

Dumitru, Skokov, Ullrich (2018)
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Validity of TMD approach: 
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(i.e. back-to-back 
configuration)

Perturbatively 
calculable 

WW gluon TMD

Linearly polarized part

Unpolarized part

in the angle

The Weizsäcker-Williams gluon TMD

LO diagram for  
production

qq̄

Bomhof, Mulders, Pijlman (2006)

Dominguez, Qiu, Xiao, Yuan (2011)
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Review of Leading order
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Leading order
Anatomy of the amplitude

• Compute  integral using eikonal delta function l− δ(k−
1 − l−)

• Evaluate Dirac/Lorentz structure with basic gamma matrix manipulations

• Compute  via contour integration using residuesl+

• Compute  with 2D Fourier transform l⊥
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Leading order

Unpolarized differential cross-section:

Anatomy of the cross-section
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Choosing the gauge: light-like Wilson lines vs transverse gauge link
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Dijet production beyond TMDs
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From CGC to Improved TMD
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Dijet production beyond TMDs
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Differential yield: TMD, ITMD and CGC

<latexit sha1_base64="YAfdhrhzkvuS3j/i3Bnm9czZC2U="></latexit>

+X
<latexit sha1_base64="YAfdhrhzkvuS3j/i3Bnm9czZC2U="></latexit>

+X

2P?
<latexit sha1_base64="o5Wag/mkbMB+ZRJwCeqTx9mFFHY=">AAACQ3icbVDLSgMxFM34dnxVRTdugkVwVWaqoEvRjcsKVoW2lEzmVoOZJCR3pGXsz7jV3/Aj/AZ34lYwrV3Y6oWQwzn3eRIjhcMoegumpmdm5+YXFsOl5ZXVtdL6xpXTueVQ51pqe5MwB1IoqKNACTfGAssSCdfJ/dlAv34A64RWl9gz0MrYrRIdwRl6ql3artJmomXqepn/ilq7acCafrtUjirRMOhfEI9AmYyi1l4Ptpqp5nkGCrlkzjXiyGCrYBYFl9APm7kDw/g9u4WGh4pl4FrF8IA+3fNMSjva+qeQDtnfFQXL3GBDn5kxvHOT2oD8T2vk2DluFUKZHEHxn0GdXFLUdOAGTYUFjrLnAeNW+F0pv2OWcfSejU0Z9jbAxy4purkSXKcwwUrsomX9MAy9kfGkbX/BVbUSH1SqF4flk9ORpQtkh+ySfRKTI3JCzkmN1Aknj+SJPJOX4DV4Dz6Cz5/UqWBUs0nGIvj6Bnr8sQc=</latexit>

<latexit sha1_base64="lg3gXOzXKXqQqbcdstyJ1PA2o5g="></latexit>

k1?
<latexit sha1_base64="iZR+oFYal8mvIkW4ZqBM5n0cdjc="></latexit>

k2?

<latexit sha1_base64="Z26z+sciqaiL2WFf4ySIdZleO0k="></latexit>

k?

Dijet production beyond TMDs

<latexit sha1_base64="44MRssoV+SsraOqVb6e9+ccnX1Y="></latexit>

� ⌘ �k? � �P?

R. Boussarie, H. Mäntysaari, FS, B. Schenke (2021)
For a comparison of TMD, ITMD and CGC in pA 

 see Fuji, Watanabe, Marquet (2020)



29

2P?
<latexit sha1_base64="o5Wag/mkbMB+ZRJwCeqTx9mFFHY=">AAACQ3icbVDLSgMxFM34dnxVRTdugkVwVWaqoEvRjcsKVoW2lEzmVoOZJCR3pGXsz7jV3/Aj/AZ34lYwrV3Y6oWQwzn3eRIjhcMoegumpmdm5+YXFsOl5ZXVtdL6xpXTueVQ51pqe5MwB1IoqKNACTfGAssSCdfJ/dlAv34A64RWl9gz0MrYrRIdwRl6ql3artJmomXqepn/ilq7acCafrtUjirRMOhfEI9AmYyi1l4Ptpqp5nkGCrlkzjXiyGCrYBYFl9APm7kDw/g9u4WGh4pl4FrF8IA+3fNMSjva+qeQDtnfFQXL3GBDn5kxvHOT2oD8T2vk2DluFUKZHEHxn0GdXFLUdOAGTYUFjrLnAeNW+F0pv2OWcfSejU0Z9jbAxy4purkSXKcwwUrsomX9MAy9kfGkbX/BVbUSH1SqF4flk9ORpQtkh+ySfRKTI3JCzkmN1Aknj+SJPJOX4DV4Dz6Cz5/UqWBUs0nGIvj6Bnr8sQc=</latexit>

<latexit sha1_base64="lg3gXOzXKXqQqbcdstyJ1PA2o5g="></latexit>

k1?
<latexit sha1_base64="iZR+oFYal8mvIkW4ZqBM5n0cdjc="></latexit>

k2?

<latexit sha1_base64="Z26z+sciqaiL2WFf4ySIdZleO0k="></latexit>

k?

<latexit sha1_base64="YAfdhrhzkvuS3j/i3Bnm9czZC2U="></latexit>

+X

Dijet production beyond TMDs
Momentum imbalance quadrangular anisotropies: 
TMD vs ITMD vs CGC

<latexit sha1_base64="YAfdhrhzkvuS3j/i3Bnm9czZC2U="></latexit>

+X

<latexit sha1_base64="OejrKJJ4uApnopKXCd3DIXnAhVE="></latexit>

Q2
s,Au ⇡ 3Q2

s,p

proton  ~ smaller Q2
s Gold nucleus  ~ larger Q2

s

<latexit sha1_base64="44MRssoV+SsraOqVb6e9+ccnX1Y="></latexit>

� ⌘ �k? � �P?R. Boussarie, H. Mäntysaari, 
FS, B. Schenke (2021)



Momentum imbalance elliptic anisotropies: 
TMD vs ITMD

R. Boussarie, H. Mäntysaari, 
FS, B. Schenke (2021)

2P?
<latexit sha1_base64="o5Wag/mkbMB+ZRJwCeqTx9mFFHY=">AAACQ3icbVDLSgMxFM34dnxVRTdugkVwVWaqoEvRjcsKVoW2lEzmVoOZJCR3pGXsz7jV3/Aj/AZ34lYwrV3Y6oWQwzn3eRIjhcMoegumpmdm5+YXFsOl5ZXVtdL6xpXTueVQ51pqe5MwB1IoqKNACTfGAssSCdfJ/dlAv34A64RWl9gz0MrYrRIdwRl6ql3artJmomXqepn/ilq7acCafrtUjirRMOhfEI9AmYyi1l4Ptpqp5nkGCrlkzjXiyGCrYBYFl9APm7kDw/g9u4WGh4pl4FrF8IA+3fNMSjva+qeQDtnfFQXL3GBDn5kxvHOT2oD8T2vk2DluFUKZHEHxn0GdXFLUdOAGTYUFjrLnAeNW+F0pv2OWcfSejU0Z9jbAxy4purkSXKcwwUrsomX9MAy9kfGkbX/BVbUSH1SqF4flk9ORpQtkh+ySfRKTI3JCzkmN1Aknj+SJPJOX4DV4Dz6Cz5/UqWBUs0nGIvj6Bnr8sQc=</latexit>

<latexit sha1_base64="lg3gXOzXKXqQqbcdstyJ1PA2o5g="></latexit>

k1?
<latexit sha1_base64="iZR+oFYal8mvIkW4ZqBM5n0cdjc="></latexit>

k2?

<latexit sha1_base64="Z26z+sciqaiL2WFf4ySIdZleO0k="></latexit>

k?

Dijet production beyond TMDs

30

<latexit sha1_base64="wdreS4Do+sErUC2wwMmsiNJ95tQ="></latexit>

d��⇤A!qq̄+X
⇠ H

G
ITMD(P?,k?)↵sxG

0
WW(k?, x)

<latexit sha1_base64="NO62eEAlU6smtOOAljtF2K6eX7Q="></latexit>

+H
h
ITMD(P?,k?)↵sxhWW(k?, x) cos(2�)

Dijet production in ITMD

Kinematic power corrections 
induce correlations!

Elliptic anisotropy from 
linearly pol WW

<latexit sha1_base64="YAfdhrhzkvuS3j/i3Bnm9czZC2U="></latexit>

+X

<latexit sha1_base64="44MRssoV+SsraOqVb6e9+ccnX1Y="></latexit>

� ⌘ �k? � �P?



R. Boussarie, H. Mäntysaari, 
FS, B. Schenke (2021)

2P?
<latexit sha1_base64="o5Wag/mkbMB+ZRJwCeqTx9mFFHY=">AAACQ3icbVDLSgMxFM34dnxVRTdugkVwVWaqoEvRjcsKVoW2lEzmVoOZJCR3pGXsz7jV3/Aj/AZ34lYwrV3Y6oWQwzn3eRIjhcMoegumpmdm5+YXFsOl5ZXVtdL6xpXTueVQ51pqe5MwB1IoqKNACTfGAssSCdfJ/dlAv34A64RWl9gz0MrYrRIdwRl6ql3artJmomXqepn/ilq7acCafrtUjirRMOhfEI9AmYyi1l4Ptpqp5nkGCrlkzjXiyGCrYBYFl9APm7kDw/g9u4WGh4pl4FrF8IA+3fNMSjva+qeQDtnfFQXL3GBDn5kxvHOT2oD8T2vk2DluFUKZHEHxn0GdXFLUdOAGTYUFjrLnAeNW+F0pv2OWcfSejU0Z9jbAxy4purkSXKcwwUrsomX9MAy9kfGkbX/BVbUSH1SqF4flk9ORpQtkh+ySfRKTI3JCzkmN1Aknj+SJPJOX4DV4Dz6Cz5/UqWBUs0nGIvj6Bnr8sQc=</latexit>

<latexit sha1_base64="lg3gXOzXKXqQqbcdstyJ1PA2o5g="></latexit>

k1?
<latexit sha1_base64="iZR+oFYal8mvIkW4ZqBM5n0cdjc="></latexit>

k2?

<latexit sha1_base64="Z26z+sciqaiL2WFf4ySIdZleO0k="></latexit>

k?

Dijet production beyond TMDs

31

Momentum imbalance quadrangular anisotropies: 
TMD vs ITMD

No quadrangular anisotropy in TMD

<latexit sha1_base64="wdreS4Do+sErUC2wwMmsiNJ95tQ="></latexit>

d��⇤A!qq̄+X
⇠ H

G
ITMD(P?,k?)↵sxG

0
WW(k?, x)

<latexit sha1_base64="NO62eEAlU6smtOOAljtF2K6eX7Q="></latexit>

+H
h
ITMD(P?,k?)↵sxhWW(k?, x) cos(2�)

Dijet production in ITMD

Kinematic power corrections 
induce correlations!

<latexit sha1_base64="YAfdhrhzkvuS3j/i3Bnm9czZC2U="></latexit>

+X

<latexit sha1_base64="44MRssoV+SsraOqVb6e9+ccnX1Y="></latexit>

� ⌘ �k? � �P?



32

One-loop corrections
General remarks

• Separate regular and instantaneous pieces in the Dirac-Lorentz structures

Inspired from spinor-helicity techniques and LCPT

• Covariant PT (in light-cone gauge) with effective Feynman rules 
for eikonal multiple scattering

• Regularization schemes
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One-loop corrections
Connection to LCPT: an example
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One-loop corrections
Connection to LCPT: an example
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34



35

One-loop corrections
Vertex with gluon crossing SW 
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One-loop corrections
Self energy with gluon crossing SW 

UV finite piece

UV divergent piece
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One-loop corrections
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One-loop corrections
Self energy with gluon before SW 
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One-loop corrections
Self energy with gluon after SW 
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Self-energy contribution vanishes exactly in dim reg (IR and UV pole cancel each other out) 
turns UV divergences into IR (massless quarks)
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One-loop corrections
Vertex with gluon before SW 

<latexit sha1_base64="R+17erLHau42irtxZDPRErd/1ng="></latexit>

= CF

⇥
V (x?)V

†(y?)�
⇤
ij

<latexit sha1_base64="HFgJWdgNIysTBSZuAo5O45PKQEA="></latexit>

CV2,ij(x?,y?)
<latexit sha1_base64="vl5WK/eXFC++oJR1YNMDkiHUo+k="></latexit>q

<latexit sha1_base64="/0IBOtiJtP0HaqVDRXegRcRXbss="></latexit>

k1

<latexit sha1_base64="puHTIRTh7mG3jlaVPib9d+Im3jw="></latexit>

k2

<latexit sha1_base64="l1gU8B3i95q5SRjfkxWuDvGVRI4="></latexit>

eefq�

⇡

Z

x?,y?

e�i(k1?·x?+k2?·y?)
<latexit sha1_base64="DnlANWfyY9HQPts7ds/Uox52bSE="></latexit>

CV2,ij(x?,y?)N �
V2,�1�2

(rxy)

Perturbative factor*:

<latexit sha1_base64="Fs0l2/j/ha3Yfv5SOz4yz3T/lKs="></latexit>

=
↵s

2⇡

⇢✓
2

"
+ ln

✓
µ̃2

z1z2Q2

◆◆
ln

✓
z1
z0

◆
+ ln

✓
z2
z0

◆
�

3

2

�
+ ln2

✓
z1
z0

◆
+ ln2

✓
z2
z0

◆
+

1

2
ln2

✓
z1
z2

◆
+

⇡2

2

+

✓
2 ln

✓
z2
z0

◆
�

3

2

◆
ln(z1) +

✓
2 ln

✓
z1
z0

◆
�

3

2

◆
ln(z2)�

7

2
�

1

2
+O(")

�
N

�=0

LO,",�1�2
(rxy)

<latexit sha1_base64="lCD2XDux3/IYHpRGOwGVIdEJR+E="></latexit>

N �=0
V2,�1�2

(rxy)

UV pole
double logs

<latexit sha1_base64="Tk4u2wtfvjr4nm4CXjxWD8kw89w="></latexit>

M�
V2,ij,�1�2

=

*includes both regular and gluon instantaneous contribution

Beuf (2016,2017), Hänninen, T. Lappi, and R. Paatelainen (2017) 
Loop corrections light-cone photon wave-function 



�⇤

V3

41

One-loop corrections
Vertex with gluon after SW 
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 Slow gluon radiation                                             can be large in resummed by redefining 
 distribution of sources:

Rapidity (slow gluon) divergences and JIMWLK factorization
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