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2

Fast evolving medium



L. Apolinário 2020 RHIC/AGS Annual Users Meeting

Jets in medium
• Several medium-induced effects will change a “pp jet” into a “PbPb jet”

2

Fast evolving medium

Medium-induced 
energy loss

Collisional energy loss

Re-scattering

…



L. Apolinário 2020 RHIC/AGS Annual Users Meeting

Jets in medium
• Several medium-induced effects will change a “pp jet” into a “PbPb jet”

2

Fast evolving medium

Medium-induced 
energy loss

Collisional energy loss

Re-scattering

…

Medium-
induced energy 

loss



L. Apolinário 2020 RHIC/AGS Annual Users Meeting

Jets in medium
• Several medium-induced effects will change a “pp jet” into a “PbPb jet”
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Fast evolving medium

Medium-induced 
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Jet Energy Loss
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Jets in medium
• Several medium-induced effects will change a “pp jet” into a “PbPb jet”

3

Fast evolving medium

Medium-induced 
energy loss

Collisional energy loss

Re-scattering

…

Jet Fragmentation 
Function

CMS [1310.0878 ]

Need accurate theoretical description to withdraw QGP characteristics!

Medium-
induced energy 

loss
STAR [2002.06386]

Jet Substructure
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Medium-induced energy loss
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• Understand the stopping power of matter for colour-charged particles
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Medium-induced energy loss

4

• Understand the stopping power of matter for colour-charged particles

⇒ Need ressumation up to all orders 

⇒ Opacity expansion (finite interactions with the medium)
or

• From a pQCD view: 

• QGP is a collection of static scattering centres 

• Multiple interactions enhance gluon radiation

• Number of interactions is not fixed
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Medium-induced gluon radiation
• Accumulation of momenta enhances gluon radiation:
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Medium-induced gluon radiation
• Accumulation of momenta enhances gluon radiation:

5

Momentum Broadening:

Fourier transforming the fields and using the fact that all scattering centres are Lorentz

contracted in a plane located at x+, we get

A�(x+,x) =

Z
dq

(2⇡)2
ei(x�xi)·qa�(q)�(x+ � xi+), (C.4)

with |a�(q)|2 being a general screened potential (usually taken as a Yukawa potential). In

order to perform the average over all possible colour configuration we have to integrate

over the transverse and longitudinal coordinates of the scattering centres, (xi+,xi). Doing

so, we find

D
A

a
�(x+,x)A⇤b

� (y+,y)
E

= n(x+)�(x+ � y+)

Z
dq

(2⇡)2
|a�(q)|2eiq·(x�y)

�
ab

, (C.5)

where we have introduced the longitudinal density of scattering centres

n(x+) =

Z
dxi+�(x+ � xi+). (C.6)

Thus,

1

N
Tr

D
W (x)W †(y)

E
= 1 + (ig)2CF

Z
dx+

dq

(2⇡)2
|a�(q)|2

⇣
1 � eiq·(x�y)

⌘
n(x+)

+ · · · .

(C.7)

The dipole cross section is identified as

�(x� y) = 2g
2
Z

dq

(2⇡)2
|a�(q)|2

⇣
1 � eiq·(x�y)

⌘
. (C.8)

The result can be re-exponented - with account of the ordering in the x+ coordinate - due

to the fact that there is only one possibility for colour state in this average. We finally find

1

N
Tr

D
W (x)W †(y)

E
= exp

⇢
�

CF

2

Z
dx+�(x� y)n(x+)

�
, (C.9)

and analogously for the adjoint colour representation12,

1

N2 � 1
Tr

D
W

A(x)W †A(y)
E

= exp

⇢
�

CA

2

Z
dx+�(x� y)n(x+)

�
. (C.10)

C.2 Four-point correlation function

The structure that we want to calculate is present in eqs. (3.3) and (3.4)13. We write

D
Wij(x1)W

†

kl(x2)Wmn(x3)W
†

op(x4)
E

(L+,x+)

=
D
Vi↵(x1)V

†

�l(x2)Vmµ(x3)V
†

⌫p(x4)
E
T

↵�µ⌫
jkno .

(C.11)

12Usually, the colour factor CA is included in the definition of the dipole cross section, �.
13This and related calculations can be found in [37, 57–59].
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Density of scattering centres:

Dipole cross-section:
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Density of scattering centres:

Dipole cross-section:

lectures˙jq printed on February 2, 2008 15

Fig. 4. Different contributions to the dipole cross section

Eq. (39) is the first order in an opacity expansion of the medium, the sum
of all orders exponentiate and the average (33) can be written as

1

N
Tr〈W †(x⊥)W (y⊥)〉 # exp

{

−CF

2

∫

dx+n(x+)σ(y⊥ − x⊥)

}

(40)

Eqs. (39) and (40) are the two main medium averages used in the literature
of jet quenching. In order to proceed, the functional form of the dipole
cross section needs to be specified. In the opacity expansion a Yukawa-type
elastic scattering center with Debye screening mass µ is usually taken in
(37)

|a(q)|2 =
µ2

π(q2 + µ2)
. (41)

When the number of scattering centers is very large, all of them need to be
resummed and the first orders of the opacity are not enough. In this condi-
tions, it is convenient to take the dipole cross section at leading logarithmic
accuracy [34] and write the small distance component of the cross section

σ(r) # Cr2 (42)

The proportionality factor C with the squared dipole size is usually taken to
be constant and defines the transport coefficient q̂(ξ) ≡ 2

√
2n(ξ)C, encoding

all the information about the dynamical properties of the medium. This is
the main parameter to be determined by fits to experimental data and to
be compared with theoretical calculations. The Wilson line averages define
this parameter by5

1

N2 − 1
Tr〈W A†(x⊥)W A(y⊥)〉 # exp

{

− 1

4
√

2

∫

dx+q̂(x+)(x⊥ − y⊥)2
}

.

(43)

5 The factor
√

2 is included here as the transport coefficient is usually defined in ordi-
nary coordenates, where the longitudinal distance for a ξ = z " x+/

√
2

Collision rate  
(parton-medium interaction) 
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Medium-induced gluon radiation
• Accumulation of momenta enhances gluon radiation:
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Medium-induced gluon radiation
• Accumulation of momenta enhances gluon radiation:

6

Emission Kernel:

Solution to the path integral (for an arbitrary 
potential) poses significant technical 

challenges…

M:

M†:
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H. Oscillator
• Analytical solution to medium-induced gluon radiation for finite size medium

• 2 free parameters: q and L

• Resums scatterings over medium length

7

^ Useful to gain qualitative insight into experimental observations

[Baier, Dokshitzer, Mueller, Peigné, Schiff (97-00), Zakharov (96)] 
[Wiedemann (00), Arnold, Moore,Yaffe (01)]
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• Resums scatterings over medium length

7

^ Useful to gain qualitative insight into experimental observations

[Baier, Dokshitzer, Mueller, Peigné, Schiff (97-00), Zakharov (96)] 
[Wiedemann (00), Arnold, Moore,Yaffe (01)]

[Mehtar-Tani, Salgado, Tywoniuk (2010-2011)] 
[LA, Armesto, Salgado (12), Blaizot, Dominguez, Iancu, Mehtar-Tani (13-14)] 

[Blaizot, Iancu, Mehtar-Tani (13), Blaizot, Mehtar-Tani, Torres (14)] 
[LA, Armesto, Milhano, Salgado (15)] 

[…]

Target from several theoretical developments:

finite energy corrections, interplay between energy loss 
and transverse momentum broadening, interferences 

between successive emitters, …
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H. Oscillator
• Analytical solution to medium-induced gluon radiation for finite size medium

• 2 free parameters: q and L

• Resums scatterings over medium length

• Only valid when medium is dense:

•  

• Ignores perturbative tails at high transverse momentum. 

7

^

[Baier, Dokshitzer, Mueller, Peigné, Schiff (97-00), Zakharov (96)] 
[Wiedemann (00), Arnold, Moore,Yaffe (01)]

Center-of-mass energy dependent ?

Transport coefficient: RHIC > LHC  
at the same temperature ?

QHat puzzle?

[JET Collaboration: 1312.5003]

q̂ =
< k2? >

�mfp
,
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Opacity expansion (GLV limit)
• Radiation pattern = Incoherent superposition of just a few single hard scattering processes.  

• Expansion in terms of:  

• Exact form of potential:  

• 3 parameters: n0, L, μ

8

Dipole cross-section:

[Gyulassy, Wang (94), Wiedemann, Gyulassy (99)] 
[Gyulassy, Levai, Vitev (00, 02)] 

[Wiedemann (00)]

[Armesto et al (12)]

Recent works:  
[Vitev, Ovanesyan (2013)] 

[Arnold, Iqbal (2015)] 
[Sievert, Vitev (18)]

An opacity expansion of the BDMPS-ASW reproduces the GLV 

approach 
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Opacity expansion
• Exact limit when medium is dilute; 

• For dense medium (large number of scattering centers): 

• Needs resuming the contributions from all orders (analytically and computationally demanding)

9

Recent works:  
[Vitev, Ovanesyan (2013)] 

[Arnold, Iqbal (2015)] 
[Sievert, Vitev (18)]
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Towards resummation
• Analytical expansion around the HO:

10

[Mehtar-Tani , Tywoniuk (20), Barata, Mehtar-Tani (20), 
Barata et al (20)] 

Energy Spectrum Momentum broadening

Fast convergence of the improved opacity expansion
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Towards resummation
• Analytical expansion around the HO:

10

[Mehtar-Tani , Tywoniuk (20), Barata, Mehtar-Tani (20), 
Barata et al (20)] 

(still limited by an order-by-order calculation)

Energy Spectrum Momentum broadening

Fast convergence of the improved opacity expansion
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Towards resummation
• Full resummation of all scatterings within a MC approach:

11

[Feal, Vazquez (18), Feal, Vazquez (20)]

Result with the full resummation of all scatterings (in the 
soft limit) without apparent inconsistencies in temperature

[JET Collaboration: 1312.5003]
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Towards resummation
• Full resummation of all scatterings within a MC approach:

11

[Feal, Vazquez (18), Feal, Vazquez (20)]

Uses involving Monte Carlo methods

(difficult to generally apply for phenomenological studies)

Result with the full resummation of all scatterings (in the 
soft limit) without apparent inconsistencies in temperature

[JET Collaboration: 1312.5003]
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Towards resummation
• Solve the spectrum by using Schwinger-Dyson type equations (in momentum space): 

• Evolution equations for emission kernel and broadening

12

[Andrés, LA, Dominguez (20)]
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Towards resummation
• Solve the spectrum by using Schwinger-Dyson type equations (in momentum space): 

• Evolution equations for emission kernel and broadening

12

Set of integro-partial differential equations that can be numerically solved to any (realistic) potential


Contains the resummation of all scattering scatterings, in the soft limit, without further approximations!

[Andrés, LA, Dominguez (20)]
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Equations to solve numerically
• Set of integro-differential equations of that can be solve numerically: 

• Start with broadening and dipole cross-section equation: 

• Use ϕ as initial condition for: 

• Finally, calculate:

13

Initial condition:

[Andrés, LA, Dominguez (20)]
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GLV vs Full solution
• Specifying the interaction potential: 

• Yukawa-type interaction:  

• Parameters: n0, L, μ

14

2 =
k2

µ2

<latexit sha1_base64="iPUxD4afm6NHFKoT5N6Gd8/87a4=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkpBXUhFN24rGAf0JmWTJppw2QyIckIZejGjb/ixoUibv0Hd/6NaTsLbT1wuYdz7iW5JxCMKu0431ZhZXVtfaO4Wdra3tnds/cPWipJJSZNnLBEdgKkCKOcNDXVjHSEJCgOGGkH0c3Ubz8QqWjC7/VYED9GQ05DipE2Ut8+9iIkBOpV4RX0QolwFvWqk8yLU9P6dtmpODPAZeLmpAxyNPr2lzdIcBoTrjFDSnVdR2g/Q1JTzMik5KWKCIQjNCRdQzmKifKz2RUTeGqUAQwTaYprOFN/b2QoVmocB2YyRnqkFr2p+J/XTXV44WeUi1QTjucPhSmDOoHTSOCASoI1GxuCsKTmrxCPkMlCm+BKJgR38eRl0qpW3Frl8q5Wrl/ncRTBETgBZ8AF56AObkEDNAEGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/feKX9g==</latexit>

x�1 =
µ2L

2!
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n0 L = 1 (“dilute”)

kT-spectrum kT-spectrum
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GLV vs Full solution
• Specifying the interaction potential: 

• Yukawa-type interaction:  

• Parameters: n0, L, μ
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2 =
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µ2
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kT-spectrum kT-spectrum

n0 L = 5 (“dense”)
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GLV vs Full solution
• Specifying the interaction potential: 

• Yukawa-type interaction:  

• Parameters: n0, L, μ
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Solid: Full Solution (our approach) 
Dashed: GLV (N = 1)

Energy spectrum
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GLV vs Full solution
• Specifying the interaction potential: 

• Yukawa-type interaction:  

• Parameters: n0, L, μ

17

2 =
k2

µ2

<latexit sha1_base64="iPUxD4afm6NHFKoT5N6Gd8/87a4=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkpBXUhFN24rGAf0JmWTJppw2QyIckIZejGjb/ixoUibv0Hd/6NaTsLbT1wuYdz7iW5JxCMKu0431ZhZXVtfaO4Wdra3tnds/cPWipJJSZNnLBEdgKkCKOcNDXVjHSEJCgOGGkH0c3Ubz8QqWjC7/VYED9GQ05DipE2Ut8+9iIkBOpV4RX0QolwFvWqk8yLU9P6dtmpODPAZeLmpAxyNPr2lzdIcBoTrjFDSnVdR2g/Q1JTzMik5KWKCIQjNCRdQzmKifKz2RUTeGqUAQwTaYprOFN/b2QoVmocB2YyRnqkFr2p+J/XTXV44WeUi1QTjucPhSmDOoHTSOCASoI1GxuCsKTmrxCPkMlCm+BKJgR38eRl0qpW3Frl8q5Wrl/ncRTBETgBZ8AF56AObkEDNAEGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/feKX9g==</latexit>

x�1 =
µ2L

2!

<latexit sha1_base64="Ac1BWWkdULAlaC/dIkSYIAq56i8=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAg2ht0QUAshaGNhEcE8ILsJs5PZZMjM7DIzK4Zlaxt/xcZCEVu/wM6/cfIoNPHAhcM593LvPUHMqNKO820tLC4tr6zm1vLrG5tb2/bObl1FicSkhiMWyWaAFGFUkJqmmpFmLAniASONYHA18hv3RCoaiTs9jInPUU/QkGKkjdSxDx7a6YmbwQvohRLh1ONJuwRvsrQEvYiTHso6dsEpOmPAeeJOSQFMUe3YX143wgknQmOGlGq5Tqz9FElNMSNZ3ksUiREeoB5pGSoQJ8pPx69k8MgoXRhG0pTQcKz+nkgRV2rIA9PJke6rWW8k/ue1Eh2e+SkVcaKJwJNFYcKgjuAoF9ilkmDNhoYgLKm5FeI+MpFok17ehODOvjxP6qWiWy6e35YLlctpHDmwDw7BMXDBKaiAa1AFNYDBI3gGr+DNerJerHfrY9K6YE1n9sAfWJ8/c7qZgw==</latexit>

Solid: Full Solution (our approach) 
Dashed: GLV (N = 1)
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Solid: Full Solution (our approach) 
Dashed: GLV (N = 1)
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GLV vs Full solution
• Specifying the interaction potential: 

• Yukawa-type interaction:  

• Parameters: n0, L, μ

17

2 =
k2

µ2

<latexit sha1_base64="iPUxD4afm6NHFKoT5N6Gd8/87a4=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkpBXUhFN24rGAf0JmWTJppw2QyIckIZejGjb/ixoUibv0Hd/6NaTsLbT1wuYdz7iW5JxCMKu0431ZhZXVtfaO4Wdra3tnds/cPWipJJSZNnLBEdgKkCKOcNDXVjHSEJCgOGGkH0c3Ubz8QqWjC7/VYED9GQ05DipE2Ut8+9iIkBOpV4RX0QolwFvWqk8yLU9P6dtmpODPAZeLmpAxyNPr2lzdIcBoTrjFDSnVdR2g/Q1JTzMik5KWKCIQjNCRdQzmKifKz2RUTeGqUAQwTaYprOFN/b2QoVmocB2YyRnqkFr2p+J/XTXV44WeUi1QTjucPhSmDOoHTSOCASoI1GxuCsKTmrxCPkMlCm+BKJgR38eRl0qpW3Frl8q5Wrl/ncRTBETgBZ8AF56AObkEDNAEGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/feKX9g==</latexit>

x�1 =
µ2L

2!

<latexit sha1_base64="Ac1BWWkdULAlaC/dIkSYIAq56i8=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAg2ht0QUAshaGNhEcE8ILsJs5PZZMjM7DIzK4Zlaxt/xcZCEVu/wM6/cfIoNPHAhcM593LvPUHMqNKO820tLC4tr6zm1vLrG5tb2/bObl1FicSkhiMWyWaAFGFUkJqmmpFmLAniASONYHA18hv3RCoaiTs9jInPUU/QkGKkjdSxDx7a6YmbwQvohRLh1ONJuwRvsrQEvYiTHso6dsEpOmPAeeJOSQFMUe3YX143wgknQmOGlGq5Tqz9FElNMSNZ3ksUiREeoB5pGSoQJ8pPx69k8MgoXRhG0pTQcKz+nkgRV2rIA9PJke6rWW8k/ue1Eh2e+SkVcaKJwJNFYcKgjuAoF9ilkmDNhoYgLKm5FeI+MpFok17ehODOvjxP6qWiWy6e35YLlctpHDmwDw7BMXDBKaiAa1AFNYDBI3gGr+DNerJerHfrY9K6YE1n9sAfWJ8/c7qZgw==</latexit>

Solid: Full Solution (our approach) 
Dashed: GLV (N = 1)

…

Energy spectrum
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HO vs Full solution
• Specifying the interaction potential: 

• Yukawa-type interaction:  

• Parameters (our): n0, L, μ 

• Parameters (HO): q, L 

18

2 =
k2

µ2

<latexit sha1_base64="iPUxD4afm6NHFKoT5N6Gd8/87a4=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZkpBXUhFN24rGAf0JmWTJppw2QyIckIZejGjb/ixoUibv0Hd/6NaTsLbT1wuYdz7iW5JxCMKu0431ZhZXVtfaO4Wdra3tnds/cPWipJJSZNnLBEdgKkCKOcNDXVjHSEJCgOGGkH0c3Ubz8QqWjC7/VYED9GQ05DipE2Ut8+9iIkBOpV4RX0QolwFvWqk8yLU9P6dtmpODPAZeLmpAxyNPr2lzdIcBoTrjFDSnVdR2g/Q1JTzMik5KWKCIQjNCRdQzmKifKz2RUTeGqUAQwTaYprOFN/b2QoVmocB2YyRnqkFr2p+J/XTXV44WeUi1QTjucPhSmDOoHTSOCASoI1GxuCsKTmrxCPkMlCm+BKJgR38eRl0qpW3Frl8q5Wrl/ncRTBETgBZ8AF56AObkEDNAEGj+AZvII368l6sd6tj/lowcp3DsEfWJ8/feKX9g==</latexit>

x�1 =
µ2L

2!

<latexit sha1_base64="Ac1BWWkdULAlaC/dIkSYIAq56i8=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAg2ht0QUAshaGNhEcE8ILsJs5PZZMjM7DIzK4Zlaxt/xcZCEVu/wM6/cfIoNPHAhcM593LvPUHMqNKO820tLC4tr6zm1vLrG5tb2/bObl1FicSkhiMWyWaAFGFUkJqmmpFmLAniASONYHA18hv3RCoaiTs9jInPUU/QkGKkjdSxDx7a6YmbwQvohRLh1ONJuwRvsrQEvYiTHso6dsEpOmPAeeJOSQFMUe3YX143wgknQmOGlGq5Tqz9FElNMSNZ3ksUiREeoB5pGSoQJ8pPx69k8MgoXRhG0pTQcKz+nkgRV2rIA9PJke6rWW8k/ue1Eh2e+SkVcaKJwJNFYcKgjuAoF9ilkmDNhoYgLKm5FeI+MpFok17ehODOvjxP6qWiWy6e35YLlctpHDmwDw7BMXDBKaiAa1AFNYDBI3gGr+DNerJerHfrY9K6YE1n9sAfWJ8/c7qZgw==</latexit>

Only qualitative comparison:

^

Solid: Full Solution (our approach) 
Dashed: HO

q̂L ⇠ (n0L)µ
2 ln

r
qmax

µ
! 1.3(n0L)µ

2

<latexit sha1_base64="aA0PDJqdWvbdZDdpMVR9gJT5RNI="></latexit>

kT-spectrum

Energy 
spectrum
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• Comparing two potentials: 

• Yukawa: 

• Hard Thermal Loop (HTL):

Comparing QGP potential models

19

Matching small distance behaviour:

kT-spectrum
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Comparing QGP potential models
• Comparing two potentials: 

• Yukawa (GW): 

• Hard Thermal Loop (HTL):

20

Matching small distance behaviour:

[Barata et al (20)]

Non-universal, model dependent, contributions seem 
to be negligible 
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Summary
• Novel analytical approach: resummation of all multiple scatterings

• Comparison with GLV limit and HO approximation:

• GLV valid for single hard scattering; overestimate true contribution from soft and low momentum 
gluons

• HO more suitable than GLV to describe low energy gluons; underestimate true contribution from 
hard gluons (single soft scattering)
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Summary
• Novel analytical approach: resummation of all multiple scatterings

• Comparison with GLV limit and HO approximation:

• GLV valid for single hard scattering; overestimate true contribution from soft and low momentum 
gluons

• HO more suitable than GLV to describe low energy gluons; underestimate true contribution from 
hard gluons (single soft scattering)

• Comparison between two potentials:

• Details of the interaction seem to become less important with increasing larger/denser medium

21

Improves accuracy of QGP-related characteristics

Phase space to pin down QGP main characteristics Thank you!


