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Background

Proton helicity can be decomposed into spin and orbital angular
momentum (OAM) of quarks and gluons [Jaffe and Manohar, 1990]

1
E:Sq—i—SG—i—Lq—i—LG (1)

where

1/t 1 /1 -
Sq(@7) = 2/0 dx AX(x, Q) = 2/0 dx; [Agr(x, Q%) + AGe(x, Q)] .
(2)

Experiments have measured Sy but can only include 0 < xmijn < x < 1.

Objective: Find the contribution to Sq coming from AY as x — 0.
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Background

At small Bjorken-x, quark helicity distribution satisfies

NN dz 1/2Q? d
AY (x, Q2 27r3f //\2/ / /dzb Q(x1, X0, 2), (3)
S

1/zs X10

_ XotXg _
where b = =5=1 and x;5 = x3 — X-

Here, Q(x1, Xg,2) = Qio(z) is the quark (longitudinally) polarized dipole
amplitude.
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Quark Unpolarized Dipole Amplitude

S10(z) corresponds to a minus-moving quark dipole interacting with a
plus-moving target proton, represented by the blue rectangle.

Zy > Zy <

510(2) = +

z
Zy < Zy >

= 2,1\,C Re [(T tr (W] ) () + (T e M) )] @)

@ V; is the fundamental Wilson’s line at x;.

@ The angle brackets average over target proton’s wave function.
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Quark Polarized Dipole Amplitude

Diagrammatically, Q10(z) corresponds to a quark dipole, one of which has
helicity o, interacting with a polarized target proton (blue rectangle).

Zo Zo

Quo(z) = +

0,2 = g,z =
x l; Zy Lt

:27\1 Re [(T tr [P 1] ) (2) + (T [VP'V]) ()] . (9)

@ f is the fundamental unpolarized Wilson's line at xq.
o VP is the fundamental polarized Wilson's line at x;.

@ The angle brackets average over target proton’s wave function.

o At Born level, Qio(z) ~ 1 because the helicity-dependent tree-level
cross-section ~ zis
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Gluon Polarized Dipole Amplitude

Similar to quark, consider a gluon dipole, one of which has helicity A,
interacting with a polarized target proton (blue rectangle).

Zo700000 00000

Glo(Z) =
E’%%Tmﬁ‘ﬂm

- 2(/\/575_1) Re (T tr | WU 1] ) (2) + (T v [U3"UE] ) ()] - ()
@ Uy is the adjoint unpolarized Wilson's line at Xx.

° Uf°| is the adjoint polarized Wilson's line at x;.

@ The angle brackets average over target proton’s wave function.
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@ The polarized dipole amplitudes obey integral equations resulting
from quark/gluon splitting outside the target shockwave, e.g.

N

@ To the first order in ay, both dipole amplitudes evolve as

Nas[/dz/dx21 /dz'/dx32 /dZ//dxzzl—i—...]
X21 X32 z/

Double-logarithmic Single—logarithmic

Xy

x (dipole amplitudes) .

o The single-logarithmic (SLA) terms (resumming asIn 1) are
subleading to the double-logarithmic (DLA) term (resumming
21
asIn® ).
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Longitudinally Soft Parton Emission

@ In a splitting in the limit z/ < z, the longitudinal z’-integral is
logarithmic, giving the evolution terms

/ 2
ozs/dZ/[A dX221—|—B/dx221} (dipole amps)

V4 X351

DLA SLAL

(7)

@ SLA;: single-logarithmic term with logarithmic longitudinal integral.

g(
A

X, > > >
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DLA Evolution Equations

With only DLA terms included, the evolution equations are
[Kovchegov et al, 2016] [Kovchegov and Sievert, 2019]

1

(e ) @ - Ni (o [ v ), @)+ o / & [z

)
21

X {9(9010 Z21) ~— <<tr [tb Vo e Ve f] Uz° “’“>> (#) + 0(z2yz — 23,2") ]\lf <<tr [tb Vot vy ”] U""pb >> (")

+0(z10 — T21) Nic {<<tr [VE‘"P Ve T] tr [V;"p Vf"”} >> (') = N, <<tr [Vgu"p Vfol’r] >> (z/)] } .
1

w1 ([ o] ) )= ﬁ (o oo ]), @+ 5 [ Ly
Zi pl'Z

e
y {H(acw —2) % <<Tt [Tb v e Uimm‘} gt ba>> ()
T Névi - (er [ v e vpet] vgrete o [0 vget e vt ot ()
st o [ o o) o - e ]

where <<>>:zs<>
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DLA Evolution Equations

o At large N. and large N &Ny, the equations become closed and linear
[Kovchegov et al, 2016] [Kovchegov and Sievert, 2019].

@ For example, at large N, the equations are:

Gioz) = G (z) + 220 / / 9T Py () 43 Con ()]

szlo
N 2 & mm{a:m,zmz /2" }d 2
Qs Ve ol 1 ”
—_ — — T 3G
o P 2, 2 [T10,32(2") + 3 Ga2(2")]
min{A2,—-}/s ¥

10

Tip,01(2") = I‘E%kl(z’) +

where I is an auxiliary function.
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DLA Evolution Equations

These DLA equations have been analytically solved at large N,

[Kovchegov et al, 2017] and numerically solved at large N &Ny
[Kovchegov and Tawabutr, 2020].

o At large N, the quark helicity PDF has the asymptotic form
AY(x, Q2) ~ (1/x)% . (8)
o At large N.& Ny, the asymptotic form displays oscillation pattern
AX(x, Q%) ~ (1/x)" cos [wg In (1/x) + @q] 9)

In both cases, of ~ % 0‘57’1'5, and wq is small and increases with N.

@ Phenomenological implications were studied in [Adamiak et al, 2021].
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Longitudinally Hard Parton Emission

@ In the limit z/ ~ z, a parton splitting yields the SLAT terms, i.e.
single-logarithmic terms with logarithmic transverse integral

d 2
as/dz’ AP(z’/z)/?(dipole amps) (10)
%32
@ Here, AP(Z'/z) is the polarized DGLAP splitting function.
@ Since z/ ~ (z — Z) ~ z, neither x5 nor x, is close to x;, but we still
have x35 < x1p.

!:k
4
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SLA Evolution Equations

Including both double-log (DLA) and single-log (SLA) terms, we have

S (T U] e = ey (0 0] ) o+ 5 [ [ e
2 Tt
: 1 e [ (2 et — ) i3 1) 25 O — (s ) )
PR G el PICREES X CITA ol PXCOET = = e
‘ ‘ (e [ vareul] Y )

. [(ﬂ (1/2h) o - 23,) - au(min{1/a3;, 1/2%)) ?El,jzf“”
((u[mm V] uphee 2

31 (a2 = 7h?) <(n[z"vu1 V"'”]b”“))(z z)]

(et ) gy ([ e v e[ oo,

/ @z Koo (20, 21522) 0(omin — 7h7)

o] ]

{zmin: 2/, zpot = 2}, Zpai)

@ SLAT terms are written in blue.

@ The running coupling correction is SLA and also has to be included.
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SLA Evolution Equations

Including both double-log (DLA) and single-log (SLA) terms, we have

L 0] Yo ) = e (e [0 ] Yo g [ % [
o Z bl
[ (2 ot — 15— ind 13,1/ ) 2 O — il o))
x5 31 T30
x ’\l<<tr [Pvae ] UP"”“> ()

wi*ggj%ﬂmgaz - ) ([P v v o))

+# di,’ / d*z3 Kren (20, 215 22) (250 7min — 2512
Ags (s
o ] B - e T Y]

/ & 1
. [ R et e G = ) (7&)
1 by ot polba . P
< mfe [Py o, Nt e = ),2)
1 -
T<<tr ¥t vP”( - 7] 2 ;7,‘5“>>(mm(zm;,.,z’,ng;—i},z’):|
e
(¢} d?z, , , 1
+ﬁ / I§2” 8(220 ZminZpol — T2? (2Zpol — 7)) @a (E)

%({u [va Ve ”] >> (min Zmin, 2/, Zpot = 2}, Zpol)-

@ SLA T terms are written in blue.
@ The running coupling correction is SLA and also has to be included.
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SLA Evolution Equations

o At large N, and large N-& Ny, the equations become closed but
non-linear because the evolution of unpolarized dipoles are also SLA.

e For example, at large N, (half of) the equations are:

" 4

G10(2min; Zpol) = Gl() (2pot) + — -

d’z,
2

Az/s 1/(2's)

% (05(1/121)

Z. Z.
23, (230 7min — 7317') — @, (min{l/z3;,1/a3,}) % 8 (2%ozmin — max {z3;, 23} z,))

[Gn(l 2') S30(2') + T35, (2',2') S21(2')]

sz d*z3 KBk (To, 213 22) 0 (230 2min — 75,2") {Gzl(z Zpot) S20(2") = T (2, Zpol)]

A2/s l/z s

Zpot
N, dz’' d?x3y 1
2 2 /
T2 2 %\ 2 (%0 ZminZpol — T322' (2pol — 2'))
32
0 o

Zpol L3

F(apol—2Ns

X [G +(17.T)I” PR, Z(Zmin»z/)slﬂ(zmin) + F10.32(zmimz,):|

Za , " 2
N, 2/ 2z 2z T30 1
2 2 1 ’
+ on2 P 2— P + = = %\ 0(z10ZminZpol — L322 (Zpol — 2'))
pol po 32 32
0 5

pol

T Gpo1==Ns

% T'10,32(Zmin; Zpol)-
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Conclusion

@ Quark’s helicity contribution to proton spin follows evolution
equations that contain leading DLA terms and subleading SLA terms.

@ The SLA terms have been derived, with the effects of running
coupling included, as the latter is also single-logarithmic.

@ In the large-N. and large-N & Ns limits, the equations are closed but
non-linear, since the unpolarized evolution is single-logarithmic.

o Future work:

e Connection to the polarized DGLAP evolution

o Numerical solutions to the SLA evolution equations at large N and
large N &Ny

e Phenomenological implications
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The End

Y. Tawabutr (Ohio State U) Helicity at small-x: SLA Contribution April 14, 2021 17 /17



References

3
3

[3
[3
[3
[
[3
[3

R. L. Jaffe and A. Manohar (1990)

The g1 problem: Deep inelastic electron scattering and the spin of the proton
Nucl. Phys. B 337, 509

Y. V. Kovchegov and H. Weigert (2007)

Triumvirate of Running Couplings in Small-x Evolution

Nucl. Phys. A 784, 188-226

I. Balitsky (2007)

Quark contribution to the small-x evolution of color dipole

Phys. Rev. D 75, 014001

Y. V. Kovchegov, D. Pitonyak and M. D. Sievert (2016)

Helicity Evolution at Small-x

JHEP 1601, 072; JHEP 1610, 148.

Y. V. Kovchegov, D. Pitonyak and M. D. Sievert (2017)

Small-x Asymptotics of the Quark Helicity Distribution: Analytic Results
Phys. Lett. B772, 136-140.

Y. V. Kovchegov and M. D. Sievert (2019)

Small-x Helicity Evolution: an Operator Treatment

Phys. Rev. D 5, 054032.

Y. V. Kovchegov and Y. Tawabutr (2020)

Helicity at Small x: Oscillations Generated by Bringing Back the Quarks
JHEP 2008, 014

D. Adamiak, Y. Kovchegov, W. Melnitchouk, D. Pitonyak, N. Sato and M. Sievert (2021)

First analysis of world polarized DIS data with small-x helicity evolution
hep-ph/2102.06159

Y. Tawabutr (Ohio State U) Helicity at sma



LLA Caveats

The polarized dipole amplitudes depend on two momentum fractions.

<tr[VKOV£1(U)}>(z) = <tr[V&Vgl(a)}>(min{z,zo}, )

minimum polarized

20

gx
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SLA Evolution Equations

L&

0,2

Include not only the terms coming from the splitting of the polarized line.

@ Since the evolutions of both polarized and unpolarized lines are SLA,
they have to be included.

@ The running coupling correction is SLA and also has to be included.

At SLA, the evolution of the dipole amplitude depends on momentum
fractions of two lines — the polarized line and the softest-parton line.
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Running Coupling

@ For soft unpolarized parton emission, the strong coupling constant
runs the same way as the unpolarized BK evolution
[Kovchegov and Weigert, 2007] [Balitsky, 2007]

@ For other splitting terms, i.e. soft polarized or hard parton emission,
the strong coupling constant runs with the transverse size of the
daughter dipole, e.g.

xo 0 <t

With this prescription, there is no double counting with the SLA terms.
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