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FIG. 2 The CT18 PDFs at µ2 = 10 GeV2 for the xu, xū, xd,
xd̄, xs = xs̄, and xg PDFs. Error bands correspond to the
68% confidence level. Figure from (Kovař́ık et al., 2019).

current unpolarized PDFs, are shown in Fig. 2.
The latest general-purpose PDF determination from

the MMHT collaboration is MMHT14 (Harland-
Lang et al., 2015), which was later extended to
include HERA I–II legacy measurements (Harland-Lang
et al., 2016), jet-production measurements (Harland-
Lang et al., 2018), and di↵erential measurements in top-
pair production (Bailey and Harland-Lang, 2020) from
the LHC. These intermediate updates demonstrated that
experimental correlations across systematic uncertainties
have been improperly estimated for some of the ATLAS
jet and di↵erential top data sets. The features of a new
preliminary general-purpose PDF set were presented in
Ref. (Thorne et al., 2019), which included new LHC data
sets, notably the particularly precise 7-TeV ATLAS W -
and Z-boson measurements, which increase the ratio of
strange to non-strange light sea quarks at low x, whilst
still allowing for a positive light-sea-quark asymmetry,
albeit with a maximum at slightly lower x. The MMHT
fit has also been updated with an improved and extended
parametrization based on Chebyshev polynomials.

The NNPDF collaboration released their latest
general-purpose PDF set in Ref. (Ball et al., 2017). This
was later extended to include direct photon (Campbell
et al., 2018), single-top (Nocera et al., 2019), and dijet-
production measurements (Abdul Khalek et al., 2020)
from the LHC. A reassessment of the impact of top-
pair di↵erential distributions measured by ATLAS at
8 TeV was also presented in Ref. (Amoroso et al., 2020),
which demonstrated the di↵erent impact of absolute and
normalized distributions in the fit, and the importance
of fitting charm in their description. The NNPDF
collaboration has also developed a statistical procedure
to represent theory uncertainties in PDFs (Ball and
Deshpande, 2019), and applied it to missing higher-order
corrections (MHOU) in the strong-coupling expansion of

theoretical predictions (Abdul Khalek et al., 2019b,c),
and to nuclear uncertainties in observables obtained from
scattering o↵ nuclear targets (Ball et al., 2019). The
procedure consists in supplementing the experimental
covariance matrix with a theoretical covariance matrix
estimated by way of an educated guess. In the case of
MHOU, correlated uncertainties were estimated at next-
to-leading order (NLO) by varying the factorization and
renormalization scales according to various prescriptions;
in the case of nuclear corrections, correlated uncertainties
were estimated as the di↵erence between theoretical
predictions obtained either with a free-proton or nuclear
PDF. The representation of such uncertainties in PDFs
is likely to become mandatory in the future, because
their size is comparable to that determined from
the uncertainty of the data. The inclusion of such
theoretical uncertainties was demonstrated to improve
the description of the data, while increasing PDF
uncertainties only mildly.
In Fig. 3 we compare the CT18, MMHT14 and

NNPDF3.1 PDF sets at a scale Q = µ = 2 GeV.
Specifically, we display the following PDF combinations
from top to bottom and left to right: uv + dv = u �
ū + d � d̄, u � d, ū + d̄, d̄ � ū, s + s̄, s � s̄, c + c̄
and g. Note the special scale on the x axis. While
the three global analyses produce similar total valence
distributions uv+dv for 0.05 . x . 0.5, their predictions
on other flavor combinations could di↵er by 10% or more,
as in ū � d̄, ū + d̄, s + s̄, c + c̄ and g. In particular,
the c + c̄ PDF combination is largely di↵erent between
NNPDF3.1 and the other sets, given that charm is
parametrized on the same footing as other PDFs in the
NNPDF3.1 set, while it is generated perturbatively in
the others. Finally, note that the di↵erence s � s̄ is
not displayed for CT18 because they assume s = s̄;
MMHT14 and NNPDF3.1 determine s and s̄ PDFs
independently.

Beside the three general-purpose PDF sets described
above, other unpolarized PDF determinations have been
produced or updated recently, namely ABMP, CJ, JAM
and HERAPDF. These PDF sets are based on a reduced
set of measurements and/or on peculiar theoretical
assumptions. As such, they are more limited in scope.

The ABMP16 (Alekhin et al., 2017) PDF set is
the only unpolarized PDF set determined in a schemes
with a fixed number of flavors: for 3, 4 and 5 active
flavors separately. It was recently supplemented with
an extended set of single-top and top-pair measurements
from the Tevatron and the LHC and an increasing
number of DY data, notably recent ATLAS gauge-boson–
production distributions at 5 and 7 TeV and double-
di↵erential distributions for Z-boson production from
ATLAS and CMS. More stringent kinematic cuts have
been applied, which reduce the impact of higher-twist
terms included in the analysis.

The CJ15 (Accardi et al., 2016a) analysis determined
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FIG. 6 The transversity xh1(x) at 90% CL. Upper (lower)
plot for valence up (down) component. Gray lines represent
the So↵er bound. Darker (pink) band for the PV18 global fit
of (Radici and Bacchetta, 2018) at Q

2 = 2.4 GeV2. Lighter
(cyan) band for the MEX19 constrained analysis of (Benel
et al., 2020) at the average scale of the data.

2018). The error band corresponds to the 90% confidence
level (CL), and includes also a systematic theoretical
error induced by the currently unconstrained gluon
contribution to DiFF (Radici and Bacchetta, 2018). It
turns out that the transversity for the valence down
quark is very sensitive to this uncertainty. The plain
(cyan) band is the result of the MEX19 constrained
fit of Ref. (Benel et al., 2020); error bands correspond
to the 90% CL. The So↵er bound is represented in a
limited range by a gray line using the unpolarized and
helicity PDFs from the LO MSTW08 (Martin et al.,
2009) and the NLO DSSV08 (de Florian et al., 2009)
sets, respectively. At small x, the error on the bound
(still negligible in comparison to the current overall
uncertainties on the transversity PDF) increases due
to the uncertainties in both parametrizations. This
is, however, inconsequential for valence distributions,
which are suppressed by evolution. From Fig. 6 we
observe that the two determinations are consistent within
uncertainties, although the larger uncertainty on the
valence down quark at large x can be appreciated in the
fit of Ref. (Benel et al., 2020) as a consequence of the
So↵er bound.

Nevertheless, PDF shapes and uncertainties are
comparable to those determined in TMD analyses of the
Collins e↵ect (Anselmino et al., 2013; Kang et al., 2016),
including in a dedicated studies on the role of the So↵er
bound on the tensor charge (D’Alesio et al., 2020). The
So↵er bound was completely released in (Cammarota
et al., 2020). In all cases, the uncertainty bands remain
large; future developments will depend on a detailed
study of flavor dependence of DiFFs by using BELLE
data for dihadron multiplicities (Seidl et al., 2017), and
on including in the global fit also the STAR data at
higher center-of-mass energy (Adamczyk et al., 2018).
From the theoretical point of view, work is in progress to
update the analyses to NLO accuracy.

II.2. Lattice PDFs Updates

Lattice QCD regularizes QCD on a finite Euclidean
lattice by means of numerical computations of QCD
correlation functions in the path-integral formalism,
using methods adapted from statistical mechanics. In
this section we review recent progress on several of
these methods for the determination of the unpolarized,
helicity and transversity PDFs, and provide a critical
assessment of each of them. We refer the reader to
Ref. (Lin et al., 2018d) for a thorough description of the
methods.

II.2.1. PDFs at the physical point with quasi-distributions

Pioneering works have shown great promise in
obtaining quantitative results for the unpolarized,
helicity and transversity quark and antiquark
distributions (Alexandrou et al., 2014, 2015; Chen
et al., 2016; Lin, 2014a,b; Lin et al., 2015). The groups
working on extracting x-dependent PDFs from lattice
QCD have significantly improved their calculations. One
of the major developments concerns the understanding
of the renormalization pattern on the lattice (Chen
et al., 2019a; Constantinou and Panagopoulos, 2017), as
well as the development of a complete nonperturbative
renormalization procedure (Alexandrou et al., 2017a;
Chen et al., 2018a) that removes all divergences of
nonlocal operators.
The first large-momentum e↵ective theory (LaMET)

unpolarized PDFs at the physical pion mass (Alexandrou
et al., 2018a; Lin et al., 2018a) were determined using
small momentum. This, in addition with the challenges
in the reconstruction of the x dependence, may lead
to the wrong sign of sea-flavor asymmetry to be seen
following Fourier transformation. The upper plot of
Fig. 7 shows the newer PDF results on ensembles at
the physical pion mass with momenta above 2 GeV,
and then renormalized at 3 GeV (Lin et al., 2018b)

PV18 
MEX19

CTEQ, NNPDF, MSHT DSSV, NNPDF, JAM

Leading-twist parton distribution functions
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FIG. 6 The transversity xh1(x) at 90% CL. Upper (lower)
plot for valence up (down) component. Gray lines represent
the So↵er bound. Darker (pink) band for the PV18 global fit
of (Radici and Bacchetta, 2018) at Q

2 = 2.4 GeV2. Lighter
(cyan) band for the MEX19 constrained analysis of (Benel
et al., 2020) at the average scale of the data.
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(cyan) band is the result of the MEX19 constrained
fit of Ref. (Benel et al., 2020); error bands correspond
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limited range by a gray line using the unpolarized and
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fit of Ref. (Benel et al., 2020) as a consequence of the
So↵er bound.
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on including in the global fit also the STAR data at
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lattice by means of numerical computations of QCD
correlation functions in the path-integral formalism,
using methods adapted from statistical mechanics. In
this section we review recent progress on several of
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nonlocal operators.
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small momentum. This, in addition with the challenges
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FIG. 2 The CT18 PDFs at µ2 = 10 GeV2 for the xu, xū, xd,
xd̄, xs = xs̄, and xg PDFs. Error bands correspond to the
68% confidence level. Figure from (Kovař́ık et al., 2019).

current unpolarized PDFs, are shown in Fig. 2.
The latest general-purpose PDF determination from

the MMHT collaboration is MMHT14 (Harland-
Lang et al., 2015), which was later extended to
include HERA I–II legacy measurements (Harland-Lang
et al., 2016), jet-production measurements (Harland-
Lang et al., 2018), and di↵erential measurements in top-
pair production (Bailey and Harland-Lang, 2020) from
the LHC. These intermediate updates demonstrated that
experimental correlations across systematic uncertainties
have been improperly estimated for some of the ATLAS
jet and di↵erential top data sets. The features of a new
preliminary general-purpose PDF set were presented in
Ref. (Thorne et al., 2019), which included new LHC data
sets, notably the particularly precise 7-TeV ATLAS W -
and Z-boson measurements, which increase the ratio of
strange to non-strange light sea quarks at low x, whilst
still allowing for a positive light-sea-quark asymmetry,
albeit with a maximum at slightly lower x. The MMHT
fit has also been updated with an improved and extended
parametrization based on Chebyshev polynomials.

The NNPDF collaboration released their latest
general-purpose PDF set in Ref. (Ball et al., 2017). This
was later extended to include direct photon (Campbell
et al., 2018), single-top (Nocera et al., 2019), and dijet-
production measurements (Abdul Khalek et al., 2020)
from the LHC. A reassessment of the impact of top-
pair di↵erential distributions measured by ATLAS at
8 TeV was also presented in Ref. (Amoroso et al., 2020),
which demonstrated the di↵erent impact of absolute and
normalized distributions in the fit, and the importance
of fitting charm in their description. The NNPDF
collaboration has also developed a statistical procedure
to represent theory uncertainties in PDFs (Ball and
Deshpande, 2019), and applied it to missing higher-order
corrections (MHOU) in the strong-coupling expansion of

theoretical predictions (Abdul Khalek et al., 2019b,c),
and to nuclear uncertainties in observables obtained from
scattering o↵ nuclear targets (Ball et al., 2019). The
procedure consists in supplementing the experimental
covariance matrix with a theoretical covariance matrix
estimated by way of an educated guess. In the case of
MHOU, correlated uncertainties were estimated at next-
to-leading order (NLO) by varying the factorization and
renormalization scales according to various prescriptions;
in the case of nuclear corrections, correlated uncertainties
were estimated as the di↵erence between theoretical
predictions obtained either with a free-proton or nuclear
PDF. The representation of such uncertainties in PDFs
is likely to become mandatory in the future, because
their size is comparable to that determined from
the uncertainty of the data. The inclusion of such
theoretical uncertainties was demonstrated to improve
the description of the data, while increasing PDF
uncertainties only mildly.
In Fig. 3 we compare the CT18, MMHT14 and

NNPDF3.1 PDF sets at a scale Q = µ = 2 GeV.
Specifically, we display the following PDF combinations
from top to bottom and left to right: uv + dv = u �
ū + d � d̄, u � d, ū + d̄, d̄ � ū, s + s̄, s � s̄, c + c̄
and g. Note the special scale on the x axis. While
the three global analyses produce similar total valence
distributions uv+dv for 0.05 . x . 0.5, their predictions
on other flavor combinations could di↵er by 10% or more,
as in ū � d̄, ū + d̄, s + s̄, c + c̄ and g. In particular,
the c + c̄ PDF combination is largely di↵erent between
NNPDF3.1 and the other sets, given that charm is
parametrized on the same footing as other PDFs in the
NNPDF3.1 set, while it is generated perturbatively in
the others. Finally, note that the di↵erence s � s̄ is
not displayed for CT18 because they assume s = s̄;
MMHT14 and NNPDF3.1 determine s and s̄ PDFs
independently.

Beside the three general-purpose PDF sets described
above, other unpolarized PDF determinations have been
produced or updated recently, namely ABMP, CJ, JAM
and HERAPDF. These PDF sets are based on a reduced
set of measurements and/or on peculiar theoretical
assumptions. As such, they are more limited in scope.

The ABMP16 (Alekhin et al., 2017) PDF set is
the only unpolarized PDF set determined in a schemes
with a fixed number of flavors: for 3, 4 and 5 active
flavors separately. It was recently supplemented with
an extended set of single-top and top-pair measurements
from the Tevatron and the LHC and an increasing
number of DY data, notably recent ATLAS gauge-boson–
production distributions at 5 and 7 TeV and double-
di↵erential distributions for Z-boson production from
ATLAS and CMS. More stringent kinematic cuts have
been applied, which reduce the impact of higher-twist
terms included in the analysis.

The CJ15 (Accardi et al., 2016a) analysis determined

PDF kinematics coverage: present and future experiments

PDFLattice [2006.08636]

Transversity is the least known twist-2 PDF;

chiral-odd: appears with other nonpert. object;

reduced kinematics coverage wrt f1 and g1;

Error treatment must reflect

 the first principle constraints: positivity  [large x]

 integrability [small x]
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+

Constraints based on first principles for the Transversity

Support, e.g. x ∈ [0,1] 
Endpoint behavior, e.g. h1(x=1)=0
Positivity bounds: Soffer bound

Can be assessed in semi-inclusive processes with a chiral-odd partner
No constraining sum rule
Its first Mellin moment gives the tensor charge

|hq
1(x)| 

1

2
(fq

1 (x) + gq1(x))
<latexit sha1_base64="zBBNWdFoRA/+8DDWRzU3hJD9qqA=">AAACIXicbZDLTgIxFIY7eEO8oS7dNBITiAmZQRNZEt24xEQuCYOkUzrQ0LnQnjGSgVdx46u4caEx7IwvY4FZKHiSJl///5y053dCwRWY5peRWlvf2NxKb2d2dvf2D7KHR3UVRJKyGg1EIJsOUUxwn9WAg2DNUDLiOYI1nMHNzG88Mql44N/DKGRtj/R87nJKQEudbHnc71gPw/xTYWwLNsS2KwmNrUlcmui7C3k3sc97CdiS9/pQ6GRzZtGcF14FK4EcSqrayU7tbkAjj/lABVGqZZkhtGMigVPBJhk7UiwkdEB6rKXRJx5T7Xi+4QSfaaWL3UDq4wOeq78nYuIpNfIc3ekR6Ktlbyb+57UicMvtmPthBMyni4fcSGAI8Cwu3OWSURAjDYRKrv+KaZ/ojECHmtEhWMsrr0K9VLQuiqW7y1zlOokjjU7QKcojC12hCrpFVVRDFD2jV/SOPowX4834NKaL1pSRzByjP2V8/wCgSqKK</latexit>

Characteristics of the transversity PDF

Constraints on h1(x)

Dihadron production data

SIDIS @HERMES, COMPASS 
pp↑ @RHIC
e+e- @Belle

SIDIS @HERMES, COMPASS & JLab
pp↑ @RHIC, more DY and AN

e+e- @Belle

Data
Dihadron production data

Single hadron production data
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Ingredients of a fit

data;

first principles; 

theoretical framework;

QCD-based assumptions;

parametrization

error treatment.

How the uncertainties/tensions between data and first principles are taken care of is a signature of the fit.

reconciles all  previous points
in an elegant and physical way.

untouchable, not assumptions.*

*But, the implementation of the first-principle constraints might be data-driven, e.g. positivity for g1 and h1.
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A crucial step and a physical statement

1. Parametrization that obeys the positivity bounds. 

|hq
1(x)| 

1

2
(fq

1 (x) + gq1(x))
<latexit sha1_base64="zBBNWdFoRA/+8DDWRzU3hJD9qqA=">AAACIXicbZDLTgIxFIY7eEO8oS7dNBITiAmZQRNZEt24xEQuCYOkUzrQ0LnQnjGSgVdx46u4caEx7IwvY4FZKHiSJl///5y053dCwRWY5peRWlvf2NxKb2d2dvf2D7KHR3UVRJKyGg1EIJsOUUxwn9WAg2DNUDLiOYI1nMHNzG88Mql44N/DKGRtj/R87nJKQEudbHnc71gPw/xTYWwLNsS2KwmNrUlcmui7C3k3sc97CdiS9/pQ6GRzZtGcF14FK4EcSqrayU7tbkAjj/lABVGqZZkhtGMigVPBJhk7UiwkdEB6rKXRJx5T7Xi+4QSfaaWL3UDq4wOeq78nYuIpNfIc3ekR6Ktlbyb+57UicMvtmPthBMyni4fcSGAI8Cwu3OWSURAjDYRKrv+KaZ/ojECHmtEhWMsrr0K9VLQuiqW7y1zlOokjjU7QKcojC12hCrpFVVRDFD2jV/SOPowX4834NKaL1pSRzByjP2V8/wCgSqKK</latexit>

Its expression is based on the analyses of the unpolarized f1 and the helicity g1 PDFs.


xh1(x) =
F (x)

|F (x)| ⇥ x So↵er Bound
<latexit sha1_base64="KKnUqDHZJxAJlKOJIjDj3PbMhpQ="></latexit>

F (x) / x↵(1� x)�
<latexit sha1_base64="0nAMFucfcG/bObi2JnfrJ01t7r0="></latexit>

[Bacchetta, A.C., Radici, JHEP1303] 
[Radici, Bacchetta, A.C., Guagnelli, JHEP1505] 

PAV15

Good fits are obrained, with a clear saturation of the bound.

Recent global fit shows that pp data slightly release that saturation
[Bacchetta & Radici, PRL 120 (2018)], PAV18 

Imposing the positivity on the functional form

with
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Radici, AC, Bacchetta & Guagnelli
JHEP 1505 (2015) 123

1. COMPASS data: the deuteron 

2. The tensor charge: “discrepancy” with lattice evaluations 

From M. Radici at PDFLattice 2019

gT (Q
2) =

Z 1

0
dx

n
huV
1 (x,Q2)� hdV

1 (x,Q2)
o

<latexit sha1_base64="mT8SPVBTxlALM44p9UOFgcSA/a8="></latexit>
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Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)

where {pI } is the set of free parameters to be determined for
each replica r . In the next Section, the function h p/D

1 theo
will be

extensively described.
The same exercise has been repeated with CT09MC1 [31]

in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D

1 theo
(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as

Bk,n(x) =
!
n
k

"
xk(1 # x)n#k, (11)

with
!
n
k

"
the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-
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Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)

where {pI } is the set of free parameters to be determined for
each replica r . In the next Section, the function h p/D
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in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D
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(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as
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!
n
k

"
xk(1 # x)n#k, (11)
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the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-
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Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)
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Now that the main first principle based constraint has been
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tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
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the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
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deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)
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in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.
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Now that the main first principle based constraint has been
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tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
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observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D
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the parameterization is to guarantee integrability and support
at x = 0,
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n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as
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!
n
k

"
xk(1 # x)n#k, (11)

with
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the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
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Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)

where {pI } is the set of free parameters to be determined for
each replica r . In the next Section, the function h p/D

1 theo
will be

extensively described.
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in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D

1 theo
(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as

Bk,n(x) =
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xk(1 # x)n#k, (11)

with
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the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-
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Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)
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in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D

1 theo
(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as

Bk,n(x) =
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xk(1 # x)n#k, (11)

with
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"
the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-
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Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)
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each replica r . In the next Section, the function h p/D
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in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D
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(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as
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with
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the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-
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Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)

where {pI } is the set of free parameters to be determined for
each replica r . In the next Section, the function h p/D
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in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D
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(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as
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the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-
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Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)

where {pI } is the set of free parameters to be determined for
each replica r . In the next Section, the function h p/D
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The same exercise has been repeated with CT09MC1 [31]

in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D
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where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq
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order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as
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the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
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order n – and optimize the number of Bernstein polynomi-

123

  465 Page 4 of 11 Eur. Phys. J. C           (2020) 80:465 

Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)

where {pI } is the set of free parameters to be determined for
each replica r . In the next Section, the function h p/D

1 theo
will be

extensively described.
The same exercise has been repeated with CT09MC1 [31]

in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D

1 theo
(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as

Bk,n(x) =
!
n
k

"
xk(1 # x)n#k, (11)

with
!
n
k

"
the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-

123

PROTON

COMPASS
HERMES

  465 Page 4 of 11 Eur. Phys. J. C           (2020) 80:465 

Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)

where {pI } is the set of free parameters to be determined for
each replica r . In the next Section, the function h p/D

1 theo
will be

extensively described.
The same exercise has been repeated with CT09MC1 [31]

in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D

1 theo
(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as

Bk,n(x) =
!
n
k

"
xk(1 # x)n#k, (11)

with
!
n
k

"
the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-

123

  465 Page 4 of 11 Eur. Phys. J. C           (2020) 80:465 

Fig. 2 Combinations of transversities for the proton (upper) and the
deuteron (lower) as extracted in Ref. [8]. The bottom plots show the
statistical weight for each bin as evaluated through F(t)

where {pI } is the set of free parameters to be determined for
each replica r . In the next Section, the function h p/D

1 theo
will be

extensively described.
The same exercise has been repeated with CT09MC1 [31]

in both Eqs. (A.3–A.4) and the expression of the SB.
The lightest weights for the deuteron combination slightly
change, repercussions will be discussed in Sect. 3. The over-
all conclusions of this section are not affected by the choice
of LO unpolarized PDF.

2.2 Parameterization and constraints

Now that the main first principle based constraint has been
included through a statistical reweighting – which is effec-

tively implemented at the stage of bootstrapping the data –
the parameterization can take a more adaptable form: the
data alone lead the determination of the free parameters of
the chosen form. An unbiased parametrization is particu-
larly welcome in kinematical ranges with little to no data
or, a fortiori, kinematical ranges that exhibit apparent con-
flict with the positivity bounds. The latter are best accom-
modated through a flexible form that could realistically be
contrasted with future data. We wish to impose the required
support through the functional form. It is indeed possible for
the up distribution. However, the behavior of x hdv1 is affected
by bigger errors as it is dominated by the deuteron data,
and a judicious choice of parametrization is not sufficient to
ensure the expected behavior towards the end-point x ! 1.
A smooth fall-off in x is expected by the underlying QCD
evolution occurring at higher x-values – see e.g. [32]. This
observation directly relates to the power-law fall-off ruling
the two other leading-twist PDFs. We tame undesired behav-
iors in the large-x region for the down distribution through
a constrained fit using the method of Lagrange multipliers
– see e.g. [33]. The minimization itself contains two steps.
First, the objective function is minimized via a non-linear
least-square, determining the set of best fit parameters, {pI }.
The definition of the !2({pI }), Eq. (9), requires a functional
form for h p/D

1 theo
(x). The first considerations while determining

the parameterization is to guarantee integrability and support
at x = 0,

x hqv1 (x) = x1.25 " Pq
n (g(x)) , (10)

where the exponent has been chosen based on previous out-
puts and the expected small-x behavior [34] to be slightly
modified by the polynomial in x . The latter, Pq

n (g(x)), of
order n, can be as flexible as the data allow for. We choose
to express Pn in terms of Bernstein polynomials as has been
done in Ref. [35]. They are defined as

Bk,n(x) =
!
n
k

"
xk(1 # x)n#k, (11)

with
!
n
k

"
the binomial coefficients. Those polynomials have

the advantage of selecting particular regions in g(x) and
as such can be employed to emphasize particularly rele-
vant kinematical regions. That is, for semi-inclusive DIS, the
low-x region becomes relevant with respect to the valence
and large-x region. A rescaling of the variable will help the
parameterization adjusting the data, we choose g(x) = x0.3.
A desirable feature of the polynomials in Eq. (10) is a statisti-
cally representative error outside the data range, yet in agree-
ment with the first principle constraints at hand. In order to
span the Bjorken variable range as significantly as possible,
we use four different degrees for the polynomial Pn – thus
using four different functional forms distinguishable by their
order n – and optimize the number of Bernstein polynomi-

123

DEUTERON

Opportunities for improvement

Studies of impact of the implementation of the Soffer bound:

1. this work: Benel et al, Eur.Phys.J.C 80 (2020) 5, 465
2. d’Alesio et al, Phys.Lett.B 803 (2020) 135347

Total relaxation of the Soffer bound:

1. Cammarota et al, Phys. Rev. D 102

No apparent reconciliation between the positivity and lattice!
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→increase flexibility of the fitting procedure by adding extra physical considerations

A. Weight by the probability of the positivity bound given the data

2. Guide the positivity bounds at large x 
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Imposing the positivity by the fitting procedure

DEUTERON

Overall the Soffer bound and the data are compatible —


Weight given from a point-by-point case — Pj (inside| data) =
Z 1

(1�P (aj |data))
dtDistr(t)
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Figure 2: Combinations of transversities for the proton (left) and the deuteron (right) as
extracted in Ref. [4]. The bottom plots show the statistical weight for each bin as evaluated
through the t-distribution.

lowest and highest x-bins of the deuteron combination happen to statistically lie inside that
window of poor agreement, as expected from previous publications [4].

This result is included in the fitting procedure through the bootstrap method. As explained

in, e.g., Ref. [4], N = 200 replicas of the extracted combinations
⇣
xh

p/D
1

⌘

j
, with j = 1, 22

the data label, of Eqs. (4-5) are generated randomly within the data errorbar. As reweighting
the overall chi-square function can be understood as modifying the error by �

2
j ! �

2
j/wj, the

replicas are generated within the corresponding extended gaussian. The 200 thus generated
data sets are shared among four functional forms, minimizing each one for 50 replicas. The
objective function can be written, for each replica r, as
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, (12)

where {pI} is the set of free parameters to be determined. In the next Section, the function
h1 theo will be extensively described.

The same exercise has been repeated with CT09MC1 [29] in both Eqs. (4-5) and the expres-
sion of the SB. The lightest weights for the deuteron combination slightly change, repercussions
will be discussed in Section 4. The overall conclusions of this section are not a↵ected by the
choice of LO unpolarized PDF.

3.2 Parameterization and Constraints

Now that the main first principle based constraint has been implicitly included through a
Bayesian reweighting –that is e↵ectively implemented at the stage of bootstrapping the data–,
the parameterization can take a more adaptable form: the data alone lead the determination

6
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A. Weight by the probability of the positivity bound given the data 

B. Parametrize the x-dependence ; repeat N times (Bootstrap method) 

2. Implicitly guide the positivity bounds at large x 
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Figure 3: Bernstein polynomials Bk,ni (g(x)) used in the functional form for the valence up
transversity (left) and the valence down transversity (right). The degree of the polynomials is,
respectively, n = {10, 20, 30, 40} in red with dot-dashed contours, purple/dashed, yellow/full
and green/dotted. See text for explanation.

need to insure a smooth fall-o↵ of the transversity in the limit x ! 1 that cannot be achieved
exclusively from the choice of functional form. In most cases, a second step will be required to
constrain the functional form in an allowed region. When the objective function is subject to
m constraints of the form Cj({p0}) = 0, the later are imposed through the Lagrangian

L({p0}, {�}) = �
2({p0}) +

mX

j

�jCj({p0}) , (16)

to which a stationary point of L is found minimizing with respect to the parameters {p0} and
the Lagrange parameters {�}.

Once the convergence of the first step guaranteed and given the linearity of our functional
form in terms of the parameter vectors, it is su�cient to define our new objective function as
follows
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. (17)

The vector of parameters pq I
i,k, of length nu,i + nd,i

, corresponds to {p}, the set of best fit
parameters obtained through the main minimization, and the covariance matrix V also comes
from step I. The chisquare function depends on the new set of best fit parameters, {pII}, which
consists in the set made of pq IIi,k .

In previous –unpolarized and longitudinally polarized– PDF determinations, the method
of the Lagrange multipliers has been made popular for error estimation [31]. In the present
approach, this method is used to impose limits on the fit parameters. In particular, we use
the more general inequality constraints through scipy.optimize.minimize in Python,which is
based on the Lagrange multipliers method above described [32]. We guide the large-x behavior
of the down parameterization only using the following Nc = 6 constraints
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with xj = {0.3, 0.55, 0.75} and ✏j = {0.2, 0.5/3, 0.1}. In other words, we add 6 degrees of
freedom to our problem. The values for ✏j have been set considering the steepness of the
functional form, the trend of f1(x,Q2) and g1(x,Q2) through which is emulated the shift to
small values of x induced by DGLAP.
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Small-x region controlled by xa, a fixed* —modulated by Bernstein polynomials. *In agreement with [Kovchegov & Sievert,Phys.Rev.D99 ]


Large-x region mimicking a QCD-based fall-off.

Imposing the positivity by the fitting procedure
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A. Weight by the probability of the positivity bound given the data 

B. Parametrize the x-dependence ; repeat N times (Bootstrap method) 

C. Constrain the falloff of the PDF at large-x with Lagrange multipliers

2. Implicitly guide the positivity bounds at large x 
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where {pI} is the set of free parameters to be determined. In the next Section, the function
h1 theo will be extensively described.

The same exercise has been repeated with CT09MC1 [29] in both Eqs. (4-5) and the expres-
sion of the SB. The lightest weights for the deuteron combination slightly change, repercussions
will be discussed in Section 4. The overall conclusions of this section are not a↵ected by the
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Figure 3: Bernstein polynomials Bk,ni (g(x)) used in the functional form for the valence up
transversity (left) and the valence down transversity (right). The degree of the polynomials is,
respectively, n = {10, 20, 30, 40} in red with dot-dashed contours, purple/dashed, yellow/full
and green/dotted. See text for explanation.

need to insure a smooth fall-o↵ of the transversity in the limit x ! 1 that cannot be achieved
exclusively from the choice of functional form. In most cases, a second step will be required to
constrain the functional form in an allowed region. When the objective function is subject to
m constraints of the form Cj({p0}) = 0, the later are imposed through the Lagrangian
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to which a stationary point of L is found minimizing with respect to the parameters {p0} and
the Lagrange parameters {�}.

Once the convergence of the first step guaranteed and given the linearity of our functional
form in terms of the parameter vectors, it is su�cient to define our new objective function as
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parameters obtained through the main minimization, and the covariance matrix V also comes
from step I. The chisquare function depends on the new set of best fit parameters, {pII}, which
consists in the set made of pq IIi,k .

In previous –unpolarized and longitudinally polarized– PDF determinations, the method
of the Lagrange multipliers has been made popular for error estimation [31]. In the present
approach, this method is used to impose limits on the fit parameters. In particular, we use
the more general inequality constraints through scipy.optimize.minimize in Python,which is
based on the Lagrange multipliers method above described [32]. We guide the large-x behavior
of the down parameterization only using the following Nc = 6 constraints
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Data-induced relaxation of the bound brings more flexibility at large x.

Chosen of functional form allows for a wider uncertainty at both small and large x.
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FIG. 7 Summary of the lattice calculation of isovector unpolarized (top), helicity (middle) and transversity (bottom) with
LP

3 and ETMC isovector quark (left column) and antiquark (right column) taken from (Alexandrou et al., 2019d, 2018b,c;
Bhat et al., 2020; Chen et al., 2018b; Lin et al., 2018b; Liu et al., 2018), JLab/W&M valence unpolarized distribution results
from (Joó et al., 2020), and global fits from (Accardi et al., 2016a; Alekhin et al., 2017; Ball et al., 2017) (unpolarized), (Ethier
et al., 2017; de Florian et al., 2009; Nocera et al., 2014) (helicity), and (Benel et al., 2020; Lin et al., 2018c; Radici and
Bacchetta, 2018) (transversity). Note that none of the current lattice calculations have taken the continuum limit (a ! 0) and
have remaining lattice artifacts (such as finite-volume e↵ects); disagreement in the obtained distributions is not unexpected.

even discern whether the parton distribution is flat across
all x; one loses sensitivity to very distinct distributions
in x-space, which appear very similar in zPz space.
Furthermore, one still needs large boost momenta zPz

to reliably obtain the distribution in the small-x region,
and very fine lattice spacing, a < 0.02 fm to reduce

the lattice discretization systematic error that goes like
(Pza)n. There have been some exploratory studies of how
to get around the problem: Ref. (Zhang et al., 2020a)
applied machine-learning algorithms to make predictions
for di↵erent types of lattice LaMET data, such as
kaon PDFs, meson distribution amplitudes and gluon

Comparison with lattice

Cammarota et al, Phys. Rev. D 102

 this work (Benel et al)

It is possible to get an agreement with lattice gT with more flexibility in the functional form.

δu is the most problematic and yet most determined.
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(Pza)n. There have been some exploratory studies of how
to get around the problem: Ref. (Zhang et al., 2020a)
applied machine-learning algorithms to make predictions
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Comparison with lattice

Cammarota et al, Phys. Rev. D 102

 this work (Benel et al)

It is possible to get an agreement with lattice gT with more flexibility in the functional form.

δu is the most problematic and yet most determined.

A too good agreement with lattice seems to come at the cost of violation of positivity bounds.

Soffer bound @2.4GeV2 in grey, JAM20@4GeV2 in red, MEX19 in pink, PAV18 in cyan.
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Comparison with lattice

It is possible to get an agreement with lattice gT with more flexibility in the functional form.

Stacked histogram of contribution from the four functional forms
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Figure 4: Valence transversities: 68% envelope for the present fit for the four di↵erent degree
of the Bernstein polynomial of the functional form, respectively, n = 10, 20, 30, 40 in red with
dot-dashed contours, purple/dashed, yellow/full and green/dotted, for the up (left) and the
down (right).

Figure 5: Valence transversities for the up (left) and the down (right) at 68% in blue (with
full blue line contour) and 95% in orange (with dashed contours) for the present fit. The gray
bands represent the So↵er bound at NLO, here using JAM and CT18.

4 Results

Both steps of the minimization procedure are carried out in Python. The convergence for
both the main �

2 minimization Eq. (12) and the optional Lagrange multipliers method are
fast. Twenty-five percents of the replicas converge inside the established bound at the first
minimization. The 75% left is hence constrained by the Lagrange multipliers method. For the
higher-order polynomials, less than 15 additional iterations are necessary while the two lower-
order polynomials require about 30-40 extra iterations. Although the constraints are imposed
for the down distribution only, their fulfilment a↵ects directly the parameterization of the up.
The balance between uV and dV is clearly passed on through the objective function. Notice
that not all 4 constraints are active for each replica r.

In Fig. 4, we show the envelopes for the obtained valence transversities at 68% CL, respec-
tively, for the up and the down distributions. Following the color code introduced in Fig. 3,
it can be observed that the higher order polynomials –n = 30, 40 in yellow and green– allow
a larger error bar at smaller values of x. On the other hand, the lower order polynomials –
n = 10, 20 in red and purple– are confined in the mid- to large-x region. All 4 equally contribute
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order polynomials require about 30-40 extra iterations. Although the constraints are imposed
for the down distribution only, their fulfilment a↵ects directly the parameterization of the up.
The balance between uV and dV is clearly passed on through the objective function. Notice
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In Fig. 4, we show the envelopes for the obtained valence transversities at 68% CL, respec-
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Small x contributes to the uncertainty on the tensor charge: 

• a narrower uncertainty results in a narrower distribution of gT

• a wider uncertainty results in a wider distribution of gT

EIC is expected to contribute greatly,

both to single- and di-hadron channels.

Eur. Phys. J. C           (2020) 80:465 Page 7 of 11   465 

Fig. 6 Combinations of transversities for the proton (upper) and the
deuteron (lower) compared to the global 68% in blue (with full blue
line contour) and 95% in orange (with dashed contours) for the present
fit compared to the extracted data [8]. The dark blue square come from
HERMES data while the dark orange dots are extracted from COM-
PASS data

freedom here is (
!

j w j ) ! Nd + Nc " (n!u + n!d ). The
average value for the total "2/d.o.f. is 1.35. Each functional
form contributes to average values of "2

n=10/d.o.f.= 1.32,
"2
n=20/d.o.f.= 1.44, "2

n=30/d.o.f.= 1.37, "2
n=40/d.o.f.=

1.26. The four corresponding histograms are shown in Fig. 7.
The analysis has been carried out using the MSTW08 LO

parametrization. We have repeated the fitting procedure using
the CT09MC1 set for the unpolarized PDF [31], it is a LO
set fitted on real data and NLO pseudo data with #s at 1-
loop. There is no qualitative difference in the final transver-
sity PDF. We notice a slightly smaller average value for the
isovector tensor charge, quantity that will be defined here
below.

Compared to previous extractions, we might comment that
our result for the down transversity presents a smaller error
band in the data region – as our functional form was built on
that purpose. It is achieved at the expense of a slightly wider
band for the up distribution in that region. The error band

increases for small- and large-x values. In this respect, our
down distribution differs from that of Refs. [8,9] and the less
flexible versions of the parameterization of Ref. [7], all of
them being dihadron-based extractions. The same comment
is in order for comparisons with single-hadron semi-inclusive
DIS [10,11]. The combination huv1 " hdv1 of the two avail-
able collinear extractions is compared in Fig. 8. The small-x
behavior differs and the error band associated to the present
analysis is wider in the valence region.

We also compare, in Fig. 8, our results to the lattice QCD
evaluation of the isovector transversity PDF [38,39]. There
is an acceptable agreement in the region 0.1 < x < 0.3. The
lower-x region of our result is more structured, as dictated by
the data. Both lattice evaluations exceed the phenomenolog-
ical determinations at large-x – region in which the param-
eterization of the fits are strongly bound by the positivity
limits.

As explained in Appendix A, our analysis of the transver-
sity PDF through Eqs. (A.3, A.4) has been carried out at an
average value of Q2 = #5 GeV2$. To that regard we have fur-
ther performed our analysis considering QCD evolution only
for the Fragmentation Functions. We find a 15% increase in
the "2 when fixing the scale of the unpolarized PDFs in the
asymmetry to 5 GeV2. The comparison with the isovector
transversity from lattice QCD is not substantially improved.

Finally, we notice that the PDF+Lattice result for the
isovector combination [12] is systematically higher than the
present results for the whole support in x , except for x % 0.

3.2 Tensor charge

We next evaluate the first Mellin moment of the transversity
PDF to get the tensor charge

$qv
"

5 GeV2
#
=

$ 1

0
dx hqv1

"
x; 5 GeV2

#
. (15)

The distributions correspond best to skewed Gaussian distri-
butions and the obtained values are

$uv
"

5 GeV2
#
= 0.28+0.17

"0.20,

$dv
"

5 GeV2
#
= "0.40+0.41

"0.31, (16)

to 1% . The corresponding 2% uncertainties are, for the
up, ("0.42, 0.31) and, for the down, ("0.57, 0.87). In partic-
ular, we are interested in the isovector combination, gT (Q2),
as it is of particular interest for, e.g., beta decay observ-
ables [18,19]. We show the corresponding stacked histogram
in Fig. 9. The Gaussian distribution showed on the r.h.s. of
Fig. 9 is given by

gT
"

5 GeV2
#
= 0.57 ± 0.21, (17)
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Conclusions

 Reflects tension with Soffer Bound through statistical reweighting

 Necessity of additional information at larger-x values

 guide through constraints → Lagrange multipliers

 Bootstrap is tricking the parameter space: to be improved

 Treatment of uncertainties shows that there could be a compatibility wth both positivity and lattice results

Constrained fit of the transversity PDF
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