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Quick introduction on twist-3 PDFs

Twist-2 PDFs

Twist-3 PDFs

Order of contribution:

O(1)

PDFs Dirac structure
fi(z) ['=~7
g91(z) ['=9%;
hy(x) ' =ioc'Ts

Order of contribution:  O(1/Q)
Jaffe, Ji (PRL 67, 552)/ Jaffe, Ji (Nucl. Phys. B 375, 527)
PDFs Dirac structure
e(x) I =
gr(x) I'=917
hi(z) ['=ioT 3

Density interpretation:

filz) (=)

gi(z) (=== ()=
A . 3

(o) /z) NG

Twist-3 PDFs

)

ggqg correlation

Burkardt (arXiv: 0810.3589)

[ dxz?gr(xz) — L force

[ dx z*e(x) — L force




Sketch of quasi-PDF approach

Light-cone (standard) correlator

L[ de

[T] = th-z
Fl@) =5 [ 57
X (plp(=5) TW(=3, 5)v(5)Ip) .
zt=%,=0
« Time dependence : 2° = L(z+ +27) = L
V2 V2

« Cannot be computed on Euclidean lattice




"
Sketch of quasi-PDF approach

Light-cone (standard) correlator Correlator for quasi-PDFs (Ji, 2013)
1 d - tk-z 1 d 3 ik -z
Fl(z) = 5 22—776 g Fg](x;P?’) = 3 %e K
<(plY(=5) TW(=3,5)v(5)Ip) . < (plo(=5) T Wa(=35, 5)v(5)Ip) )
zt=Z, =0 =7 =
« Time dependence : 2% = %(f +27) = %z_ « Non-local correlator depending on position z*
« Cannot be computed on Euclidean lattice « Can be computed on Euclidean lattice

* Quasi-PDF approach made it possible to directly extract light-cone PDFs from lattice QCD
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Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?




"
Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

b p—k ig*Crp* g [ d’”‘k‘ TT[UU’Y 5”/{ %+m,({7“ 1
A —— L ] fl(m): / 33__ -

4 Wl—l—zs —I—’&E) P3 p°
P4




Sketch of quasi-PDF approach

T

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

(s

kA
P

A

fi(z) = —

ig*Cruc g, /OO d"k TI“[UU’}’ k—i—/{ %WL’”’%{’Y‘U’
4 Tyl—l—zs m2 + ic)

e k— (K ko, k3

p3

)

1

p3




Sketch of quasi-PDF approach

T

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

(s

kA
P

A

fi(z) = —

ig*Cruc g, /OO d"k TI“[UU’}’ k—i—/{ %WL’”’%{’Y‘U’
4 Tyl—l—zs m2 + ic)

e k— (K ko, k3

* [ dk’ — Residue theorem

p3

)

1

p3
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Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

k+ p—k Si(z) = — 19> Cr* guw /OO d"k Tr[uu’y k""/{ k—km{{’y“ — — i
A —— Y ) = 4 M‘I‘ 25 + 7/6) ) p3 p3
P

k— (K, ki, k?)

J dk? — Residue theorem

Take p° — oo

Perform [ d?k
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Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

k+ p—k Si(z) = — 19> Cr* guw /OO d"k Tr[uu’y k""/{ k—km{{’y“ — — i
A —— Y ) = 4 M‘I‘ 25 + 7/6) ) p3 p3
P

k— (K, ki, k?)

J dk? — Residue theorem

Take p° — oo

| Perform [d?k, / ) dk.

file) = 298 (1 ) (pw - )

CYSCF
2T

10




Sketch of quasi-PDF approach

T

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

g
/|

A

_ig2Cp,uzegW /Oo d"k Tr[uﬂ’y’j(k—i—/{q)’y?’(kij/’y“] 5(33 k3) 1

filz) = £ ) e Wik —mirie) \" p°)p°

k— (K, ki, k?)

J dk? — Residue theorem

Take p° — oo

(e @]
|« Perform [d%k, o dkL Unfortunately, this
/ cannot be calculated
on lattice
CYSC’F /_

Jilw) = 2T

9

a:
(1 —x) ('PUV +In —=
rmm

11
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Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if I calculate f, , with, a completely spatial correlator & with ~? in the Infinite Momentum Frame (IMF)?

k . o —
I i [k Ty (f ) ] R
? | == ] fl(CU)—_ p f~ N 710 ~ —— ) a . )5 x_ﬁ F
p 4 What if I keep p° finite & repeat this calculation?
« [ dk" — Residue theorem
. Take p° —
|« Perform [ d%k, o dkL Unfortunately, this
/ cannot be calculated
on lattice
CYSC’F / .

fi(z) =

a:
(1 —x) ('PUV +In —=
rmm

9

21

12




Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if | calculate f; , with, a completely spatial correlator & with v° & keeping p? finite?

%+m{{7’"’

i9°Cri* g /O“’ d"k Tr[uu’y k+/{

(o)
:.E__ —_—
p° ) p?

2 +ic)

- Keeping p® finite, perform [ d?k
(1—2z)In ~ 41 x> 1
r—1
sC 4(1 — 2
fl(ﬂcapg) = 2 F<(1—$)1H( ;E)p?’—l—x O<z<l1

27 mg

(1—x)111$_1—1 x <0
\ i

13




Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if | calculate f; , with, a completely spatial correlator & with v* & keeping p? finite?

(0. @] mn ¥
Support outside “physical” region 0 < z < 1 [ d k Tr [uu 7 (¥ +/{ k + m‘({ 7 (;1; — _) i3

M—I—zs m2 + ic)

- Keeping p® finite, perform [ d?k

(1—2z)In ml—l—l x> 1
a:‘_
fi(z,p®) = a2ﬂp<(1—x)ln (mf)pSJr:c 0<z<l1
g
—1
(1—x)111$ —1 x <0
\ T

14




Sketch of quasi-PDF approach

Sample calculations for twist-2 PDF f; in Quark Target Model (QTM)

What if | calculate f; , with, a completely spatial correlator & with v* & keeping p? finite?

(0. @] mn ¥
Support outside “physical” region 0 < z < 1 [ d k Tr [uu 7 (¥ +/{ k + m‘({ 7 (;1; — _) i3

M—I—zs m2 + ic)

- Keeping p® finite, perform [ d?k

(1—2z)In ml—l—l x> 1
a:‘_
filz,p?) = = F<(1—9:)1n( f)p3+x 0<z<l1 oo
27 my =f0 dk |
—1
(1—x)111$ —1 x <0
\ T

15




Sketch of quasi-PDF approach

IR singularities of quasi-PDFs & light-cone PDF's are same

What if | calculate f; , with, a completely spatial correlator & with 7* & keeping p? finite?

%+m,()/’r’"’

2+ 7,6)

/"OO d"k Tr[uu’y k—k/{
) R~ i) (o~ R

Support outside “physical” region (0 < z < 1

- Keeping p® finite, perform [ d?k

—-\

’ N

I 2N '
) . ‘ 2) |
: asCF om0 ) e 1><,PUV +ﬂl xm : > 3 ‘
hE@)= 31 \-—/' | (1—2z)In P +1 x> 1
/// oo ~
L — ; ,Cr 20— 2)pd
filz,p°) = ¢ (1 -2kl B Yr 0<z<ld .
27 \\~ my ’// > fO dk |
___1_—
(1—2)In u —1 x <0
X x

16




Sketch of quasi-PDF approach

IR singularities of quasi-PDFs & light-cone PDF's are same

What if | calculate f; , with, a completely spatial correlator & with 7* & keeping p? finite?

(0. @] mn ¥
Support outside “physical” region 0 < z < 1 [ "k It [u Y 7 (¥ +/{ (F + m‘({ 7 (:13 _ _) 1
o 20" (k2 —pZ 1+ i)2((p — k)2 — m2 + ie) P ) p?

- Keeping p® finite, perform [ d?k

—-\

’ N

I 2 3 '
. 2) )
g CI 1 — 1)<,PUV +|\l 1”1 l > ‘1‘ ( ..
@)= "or 57 " . ,,’ | (1—z) In —t 1 r>1 UV-finite!
”/”_’,,::’/// PR ~s
| —— 3 o Cp oA — z)pd
filz,p?) = ——q -z} B Yr 0<z<ld J
T \\ m, // R fo dk |
(1—2)In u —1 x <0
\ x

17




Sketch of quasi-PDF approach

IR singularities of quasi-PDFs & light-cone PDF's are same

What if | calculate f; , with, a completely spatial correlator & with 7* & keeping p? finite?

oo mn 7
Support outside “physical” region 0 < z < 1 [ d k I [MT;Z, k+/{ k+ m‘({ 7 ) ( - — i3
+ ig)? + 1€ p°/)D
m— |
- Keeping p® finite, perform [ d?k
T \ | Divergences will manifest after we integrate over x
ro2 |
ar=2] )
asCF (1 — 1><,PUV+|“F} > | / x s
H®) = or =\ . ,,' | (1—2z)In 1 +1 x>1 UV-finite!
B ) B o PR l
— fi(z,p®) = o <(1—:17)(\1n — 3}39 O<z <1 foodk
S g ,/" > JO 1
—1
(1—2)In u —1 x <0
\ €T

18




Matching for twist-3 PDF gr(z) ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

 Matching formula

+1 g M?2 ( Xiong, Ji, Zhang, Zhao, 2013/ Stewart, Zhao, 2017/
3 Y~
qqQ(x; P°) = —C| = )q(y) +O P32 Izubuchi, Ji, Jin, Stewart, Zhao, 2018/
—1 lyl \y (P?) Ma, Qiu (2018)/ Chen, Wang, Zhu (2020)/
(Scale dependence omitted) Li, Ma, Qiu (2020) )

19



Matching for twist-3 PDF gr(z)

I
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

 Matching formula

—1 |?J|

(Scale dependence omitted)

* One-loop matching coefficient

C(z; P?) =6(1 —z) +

Oé.SCF
7

( Xiong, Ji, Zhang, Zhao, 2013/ Stewart, Zhao, 2017/
Izubuchi, Ji, Jin, Stewart, Zhao, 2018/
Ma, Qiu (2018)/ Chen, Wang, Zhu (2020)/
Li, Ma, Qiu (2020) )

20



Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

L I W , 2017/
1-loop corrections = (1 —z) + p o I
(Feynman Gauge) p
(1b)

(1a) (1c) (1d)

Matc

+

~ )
One- s@
+ | 4 i+ - +
K (2a) (2b) (2¢) (2d) J
Set up for our calculation
rmq # 0
I Feynman Gauge i. UV: [Td’k, — cuv ii. IR: [[d’k. — < R
(Mg # 0



Matching for twist-3 PDF gr(z) II
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matc

1-loop corrections = (1 —z)

(Feynman Gauge)

O
>
P

(2d)

,@ )
L

° ° ° ° r
Set up for our calculatic Ladder diagram: Origin of new features at twist-3
rmq # 0
I Feynman Gauge i. UV: [Td’k, — cuv ii. IR: [,d*k. — <{er
(Mg # 0



Case 1: gr & 91.Q



Matching for twist-3 PDF _gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for gr(z)

-y . M . i - ;
Pefinition: Pt St gp(z) = o'l Hadron attributes: (M, S%, PT)

Quark Target Model (QTM)

| +’D’0’60’625‘615* My i G010 () — 19> Crp* g /°° d"k Trluwy” (k4 mg)v'ys (K +mg) v*]
p _ pt “LIT 4 oo 2m) (K2 —m2 +ie)2((p — k)2 — m2 + ie)

5(s

« One cannot set m, to zero at the start in QTM calculations

« Extract linear terms in m, & thenset m, =0, unless it is used as the IR regulator

24




Matching for twist-3 PDF _gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for gr(z)

-y . M . i - ;
Pefinition: Pt St gp(z) = o'l Hadron attributes: (M, S%, PT)

Quark Target Model (QTM)

| (00000000 | a5 (o), 9 Cri G /°° drk Trluay” (K +mg)y'ys (B +mg) "] of 0 kT 1
5 pt "I 4 oo (2m)7 (k2 — m2 +ie)2((p — k)2 — m2 + ic)

Trace algebra

n=4—2¢

. 2 2e o] _I_ — _|_
(1a) g Crp™ | n—2 — 207k ... k 1
o () = L, / 42k | dk~ dk , Y LA N

(27) - (k% —mZ + i€)2((p — k)? — m2 + ic) pt ) pt

25




Matching for twist-3 PDF _gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

CaICUIation O'F ladAAv AiaAnvrarm fArv o {ram

Definition: Twist-2 Twist-3

Numerator independent of £k~ Numerator has one power of £~

| 00000000 M 00y — 1O G /°° drk Trluay” (K +mg)y'ys (B +mg) "] of 0 kT 1
: pt THIT 4 oo (2m)7 (k2 — m2 +ie)2((p — k)2 — m2 + ic)

Trace algebra

n=4—2¢

. 2 2e o @
(12) () = 19 CrIT +/ "2k, dk~dk* Pk

T\ 1
Sl r—2— | —
T emr o) (2 —m2 +2)2((p — k)2 — m2 + ie) (5”“ p+>p+

26




Matching for twist-3 PDF _gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

o
o

n L N .
V.4 |
3 0.6

Aslan talk, LC 2019

Aslan, Burkardt, Lorce’, Metz, Pasquini

arXiv: 1802.06243 “ ;
( ’~ ) - J I Twist-3
/ j‘\ /_3/’///
- o {0 ‘ ent of £~ Numerator has one power of k™
— i
o g S
\)' \ /

o . . S A G / * Ak Te[uuy” (f+mg) vy (F+mg) ] o
-1 -08 -06 U4 -02 ; 02 04, 06 08 1 4 e (27T)” (kQ _ mg + ’iE)Q((p _ k)2 _ mg + iE)
-1 ——:‘_, 0 a_ |
| | | | (- X
DGLAP ERBL DGLAP
v m—4—2e¢
- 2 2e o0 +7.— 4+
e = +/ "2k, dk~ dk* Coti .. §(a—t) L
g (@) eor L) + (P —m2+ ) (p—k)Z—m2+ie) \" pt/)pt

27




SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

{05

Aslan talk LC 2019

Aslan, Burkardt, Lorce, Metz, Pasquini

(arXiv: 1802.06243)

U4ty

i Twist-3

Numerator has one power of k™

28




Matching for twist-3 PDF gr(z) ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

General structure for the ladder-diagram result: LC gr(x)

k (la)  (la) (1a)
+ 9r = Iy T I7(0)

A o Y

Singular term Canonical term
x 0(x)

29



Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Close look at singular term

dn_zkj_ 1
(2m)n=2 (k7 +m2)

Result after [d" 2%k, : gg}g;(m) = —as;Crd(x) (4 —n) ,u%/

30



Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Close look at singular term

dn_2]€J_ 1
(2m)n=2 (k7 +m2)

Result after [d" 2%k, : g,_g}(";%(a:) = —as;Crd(x) (4 —n) ,u%/

31



Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Close look at singular term

n—2
n—2 . ( a) 5 d kJ_
ReSUIt aftel’fd kJ_ . g (S)( QSCF ‘ / 271' n—2 k2 _|_m )

X EUV

1
(X —_—
EUV

32



Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Close look at singular term

dn_2]€J_ 1
(2m)n=2 (k7 +m2)

Result after [d" 2%k, : g,_g}(";%(a:) = —as;Crd(x) (4 —n) ,u%/

33



Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Close look at singular term

n—2
Result after [d" 2k, : gy (2) = —as,Crd(z) (4 — n) p* f 20y 2 (2 +/¢

. €mR

34



Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Close look at singular term

n—2
Resultafter [d" 2k, @ g7 (2) = —asCré(a) (4 —n) @ f 22 (12 jL/(l

\
|

1 1
| . a,C o(z) euy — — d6(x) elr —
. mg #0 gé}(sg g0 = —WF(S(.@) (} SV €IR

. €m

35



Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Close look at singular term

n—2
Result after [d" 2k, : gy (2) = —as,Crd(z) (4 — n) p* f 20y 2 (2 V(J

(la) o a;Cr
. mg#0 97 (s) lmy0 o o(z)
|| €IR gé}(asi in =

» Appearance of zero modes is an IR scheme-dependent feature

36



Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Results for canonical part:

d" 2k, / dk=  2k*42k% +2m] — (4 —n)m;

~ 2e
g1(0) (@) ~ asCrp / @mr=2 ) 21 (K —m2+ie)2((p— k)2 — m2 +ic)

2 2
- (1a) _ asCF Uy 2 —2x —1
. mg # 0 gT(C)(af;) o~ Tom ($ Puv +zln 1= a)Pm? + - )
.- la QfsCF M2 . B
I. my £ 0 géﬂ(c)) (:U)‘mg = . ($ Puv + xln iITTI”Ij’Lé + (1 - 33)) Puv/ir = oy +Indr — g
a asC 2
1. €Ir gé} C)) ($) €IR B 27TF (CU (PUV E PIR) i /:UITI\{[)

37



Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Definition: % S grolz) = ol 5]

g
/|

i Mg (la)

A (o o Y _ (3}) p—

0o000000Y | p° O

e [~k T () ok ) ], k) 1
4 (2m)" (k2 —m2 +ig)?((p — k)? — m2 + ie) 3

— 00

38




Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Definition: % S grolz) = ol 5]

k| .

boroiossnd | baige) = - 0 [ A T B s R0 (o )

P4 [LeRORERYY p o 4 oo (2m)7 (K2 —m2 +ie)?((p — k)2 — m2 + ie) p®) p°
(1a)

(la) (1a)
9T Ofs o _ _ P
Split into singular & canonical parts

QE/dn—%L/dkO 2k* 4 2k% 4 2m? — (4 —n)m; :
(2m)n=2 ) 2m (k* —mZ +ie)?*((p — k)? — m2 + ig)

L m e R R R R R R R R R N AR RN N AR R R N AR R AR AR AR RN RN EEE AR EE A REN A RRRNENRARNENEAREEAAREEEEEEEEEEEEEEEEEEEEEEEEREEER

o QG/dn—%/dkO (4—n)
IrQ = QEEI [ omn=2 | 2r (12— m2 + ie)?

39




Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

M

Definition: 3 S% gr.q(z) = ol 5]
3 .
| P2F 1| me o (z) = ig*Crp g /C’O d*k_ Trlutiy” (f+mg) vy (k+mg) "] o k2N 1
,[oosoTTTDY | P T 4 o )" (B2 —mZ + ie)2((p— k)2 —m2 + ie) )P
p

(la)

o QG/dn—%/dkO (4—n)
IrQ = QEEI [ omn=2 | 2r (12— m2 + ie)?

40




Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

T

Calculation of ladder diagram for grq(x)

n—2 0 .
Close look at singular term ~ g{'® gascw%/d klfdk (4 —n)

T.Q(s) (2m)n=2 ) 271 (k? —m7 +ig)?
\ J
k4 Y
p—k
A — Y (4 - ’fl)
00000000
p + (k% + 22p3 + m3)3/2

41




Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

T

Calculation of ladder diagram for grq(x)

: dk" (4 —n)
Close look at singular term (1a) o 0O
: I1,q(s) = XsHEH 2n (k2 —m2 + ig)?
J
k| '
p—k
A B A 4 (4 - n)
00000000
/| 0+ a7+ )

42




Matching for twist-3 PDF g7 () ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

: dk" (4 —n)
Close look at singular term (1a) o . C e
g I1,Q(s) = FsHEH 2w (k? —m2 +ig)?
J
k| !
p—k
A s L ] (4 T TL) X €
00000000 T
ik (k1 +a?p3 + mg)*/

43




Matching for twist-3 PDF g7 () ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

dk® (4—mn)
2w (k? —m2 +ig)?

)

|

4-n X €
00000000
(k? + 27p% + m2)3/2

TIP3

- (la) o
mg 70 97,06 Im0 = Y

44




Matching for twist-3 PDF g7 () ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Close look at singular term gé}g(s) ~ aCrp
k
+ p—k
A
P4
(1&1.')
- (la) _
l. mq # 0 gT:Q(S) m ¢ 7#0 =0

. €em

45




Matching for twist-3 PDF g7 () ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Close look at singular term  4i'¢) | ~ a.Crp
k
+ p—k
‘00000000 * UV-inite
P
(la)
: (1a) _
. mg #0 97,Q(s) lmg0 = 0

. €em

46




Matching for twist-3 PDF g7 () ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Close look at singular term  4i'¢) | ~ a.Crp
k
+ p—k
00000000 * UV-inite
P
(1a) « IR-finite exceptat = = 0
: (1a) _
. mg #0 97,Q(s) lmg0 = 0

. €em
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Matching for twist-3 PDF gr(x) ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

i (la) —n)
Close look at singular term 97,00 = @sCrp — i)
)
g
p—k
5550055507 o UV-finit
‘000000007 . -
p+ Ufi —I—:c2p§ %)3/2 Iinite
(18) « IR-finite exceptat x = 0
i £ 0 - =0
- Mg 97,Q(s) lmy#£0 / d" 2k, (4 —n) | 27 M2arg=3/2Fan [(1/2 4 ey 1
(27)n—2 (ki + $2p§)3/2 o (p3)1+2ear ||t H2er

. €em
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Matching for twist-3 PDF g7 () ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for gr.q(x)
We derive: )/ dko (4—
N —m:2 —|— ze)
[ \
1 Io(x)\ 1
TZ—!()I [—} +O0(er) —1l<z<l [\ /
ERESTRR Y A L7 v
~=’ (4—mn) .
(k2 + 22p2 47{2)/3/2 «  UV-finite
€ir <0 (See also Izubuchi et. al., arXiv: 1801.0391) !
« |IR-finite exceptat x = 0
: (la) _
L mg # 0 97,Q(s) lmg0 = 0 / d" 2k, (4 —n) | 27 M2arg=3/2Fan [(1/2 4 ey 1
(27)n—2 (ki + $2p§)3/2 o (p3)1+2ear ||t H2er
. €em
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Matching for twist-3 PDF g7 () ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

Close look at singular term gé}g(s) ~ aCrp
k
+ p—k
A
P4
(1&1.')
- (la) _
l. mq # 0 gT:Q(S) m ¢ 7#0 =0

i, e gl | =
' IR T,Q(s) lerr QT
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Matching for twist-3 PDF g7 () ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Calculation of ladder diagram for grq(x)

I dk? (4—mn)
Close look at sinqular term (la) 2¢
d gT,Q(s) OisCFM 2 (k2 _ mg + iE)Q
J
k| '
p—k
L 3 o coun Y (4 . n)
p + : (ki 4 $2p§ n m§)3/2
(la)
L mg #0 9%8(5) mg#0 0 « Justas in LC case, existence of zero modes in quasi-PDF is

IR scheme-dependent

ii. e N I
' IR T,Q(s) lerr A
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Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Results for canonical part:

rmlnﬁ—l x> 1
- a aC
L my #0 Iraw@)| = 27TF<J:111 trlnfE +1-224 -2 O<z<l
mq
\:ElnT—l—l $<O
(:clnﬁ—l r>1
. a asC
. mg #0 (I,Q)(C)(ac) = QWF<$IH +rzlnd4(l—2)+1-2x O0<z<l1
Mg
\a:ln7+1 x <0
frﬂlnﬁ—l r>1
a asC (11—
Il. €mRr gé}Q)(c)() = 2WF<—$PIR+$IH%—$ O0<z <l
€IR
A z—1 x <0
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_ Matchi
. chin i
B, Cichy, Constantino: ““qfor twist-3 PDE a~{7)
'D 102 (2020)

= RPCI s £—

es present in the “p

hysical region” 0 < < 1 only

IR singulariti
«//ﬂ/
I p—
mq # 0 g(la) p—]
TaQ(C) ('CC) == aSCF
My o {z In %
\ 0<x<1
. mg #0 (1a)
o), = <
mg 27'['
\ O<z<l
lil. €mr (1a (
gT,CQ)(C) ('{’E) o OdSCF ~ §
€IR 2,”_ 4 _‘{B,PIR
0<z<l1
\
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T

Agreement of the IR singularities between light-cone PDF & quasi-PDF
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T

Agreement of the IR singularities between light-cone PDF & quasi-PDF

« Singular terms: Coefficient of singular terms are IR finite

Light-cone PDF

Quasi-PDF

(1a)
97 (s)

(2) = 4

4
(la) _

=0

(la)
LIT(s) (z) ‘

EIR

(la)

97.Q(s)

((la)

97,Q(s) () ‘mq;éo -

(la)

LIT,Q(s) COl

0

O{SOF
27

d(x)
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SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

T

Agreement of the IR singularities between light-cone PDF & quasi-PDF

« Singular terms: Coefficient of singular terms are IR finite

 Canonical terms:
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Matching for twist-3 PDF gr(z) Il
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Agreement of the IR singularities between light-cone PDF & quasi-PDF
k 4 : * Singular terms: Coefficient of singular terms are IR finite
v—
A - |
p 4 « Canonical terms:
(1a)
: (1a) asCr 135 1 r? —2x — 1
Light-cone PDF 9T<c>($)‘mq T om ( R (s A R
Quark mass
(2 In %1 —1 x> 1
i a asC
Quasi-PDF 9@ )‘ = S el o 1 0<z<1
7 In & T + 1 x <0
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Agreement of the IR singularities between light-cone PDF & quasi-PDF

k 4 : * Singular terms: Coefficient of singular terms are IR finite

p—Kk

A e |

p 4 « Canonical terms:

(1a)

- a SC
Light-cone PDF génl(c))(ﬁ?)‘ = Q%F )

Quark mass

Quasi-PDF (1a) ‘ _ osCF
QT,Q(C)(JJ) m, = or \

O<e<l
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T

Agreement of the IR singularities between light-cone PDF & quasi-PDF

k 4 : * Singular terms: Coefficient of singular terms are IR finite
p—k
A e -
p 4 « Canonical terms:
(1a)
: (1a) o asCr
Light-cone PDF 9 )(:p)‘ = |
¢ Mgy 2
Gluon mass

~

Quasi-PDF (1a)

Ve

O<axe<l1
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

T

Agreement of the IR singularities between light-cone PDF & quasi-PDF

k 4 : * Singular terms: Coefficient of singular terms are IR finite

p—Kk
A e |

p 4 « Canonical terms:

(1a)
. (1a) o OL’SO
Light-cone PDF 97 (@) T Ton +
DR for IR

4

o Cp
e ) 27[- 6@

\

Quasi-PDF 95},3((:) (z)

O<ax<l
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SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Agreement of the IR singularities between light-cone PDF & quasi-PDF

« Singular terms: Coefficient of singular terms are IR finite

« Canonical terms: IR singularities agree for all 3 regulators
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SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Agreement of the IR singularities between light-cone PDF & quasi-PDF

: « Singular terms: Coefficient of singular terms are IR finite
p—k
« Canonical terms: IR singularities agree for all 3 regulators

Other diagrams can be calculated just like in the twist-2 case
Diagram by diagram the IR singularities agree, which is at the heart of quasi-PDF approach

Matching is possible for gr(x)
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Matching for twist-3 PDF gr(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matching in MS scheme

OJSCF
2T

£>1

0<E<l

£ <0

([—€2+26+1 ¢ £ 3
¢ 1“5—1+1—§+EL_
asCr ) [-2+26+1 46(1—-&py & —-¢—1
* 27 <_ 1-¢ n 12 * 1-¢
'—§2+2§+1ln5—1_ ¢ L3
L 1-¢ 3 1-¢ 2(1-¢)
asCr 1 3 2

l
.-
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matching in MS scheme

2+ 26+ 1 3 3 3 3
0 §>1 1-¢ 1“5—1+1—5+EL_E $>1
asCr asCrp ) [-€+26+1 461 —-&p5 & -E6—1
= 3(&) 0<E<l + o T+ In 3 + T ¢ } 0<é<
Matching coefficient for ¢ (x) is independent of IR scheme y &<

as;Cr r 3., u
1—&)(—=+2m
= 5)( 2+2n4p§)
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matching in MS scheme

([—€2+26+1 ¢ £ 3 3
0 £>1 e ME-iti §+2£] "%
asCr asCr ) [ +26+1 . 46(1—-&py &€ —-£E-1
o S 4(¢) 0<é<l + 27r< ¢ In 2 + ¢ ]+
0 £ <0 '—§2+2§+1ln5—1_ ¢ 3 ]_ 3
(L 1= § 1-¢ 2(1-¢ ), 201-9

asCr 1 3 2
1—&) -2+ 2mi
ral f)( 213 n4p§)

£E>1

0<é<1

£<0

« Convolution integrals ¢(z) :/

Jgei(E)
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matching in MS scheme

([—€2+26+1 ¢ £ 3 3
1_§ 1I1§ 1-{- §+2§] % £>1
A asCp ) [ +26+1 461 —-&p3 &€ —-¢—-1
_) — + o <_ ¢ In 2 + ¢ L 0<é<1
(242641 £-1 ¢ 3 ] 3
1 — _
T 1 M i etaigl, g 0

asCr 1 3 2
1—&) -2+
om0 f)( 23 n4p§)

« Convolution integrals q(:c):/oo |d§| ()d (f)
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

~~~~~

AT—€6242 1 3 3 7S
[ R W S S £>1
i~ 1=¢ §—1 1-¢& 26], 2( .-

R T B

sC
C%(&ug) = + a2wF< 0<&<1

3/ S A e e e e e
’:—‘2‘—_ T o
Afe+2+1 -1 ¢ 3 B s £<0
A 1-¢ § 1-¢ 21-¢), 201-¢) .

-
-

——————
-

Problems with MS S
« Convolution integrals ¢(x) :/ éc(f)‘f(%)

* Mismatchinnorm: [~ dx P (z, p, p3) # fol dz ¢™5 (z, 1)

67




Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matching in MMS scheme

([—€2+26+1 ¢ £ 3 3
BT 1“5—1+1—5+EL_E <ot
@ (. 1\ asCr ) [ +26+1 . 46(1—-&py &€ —-£E-1
Cm(5°_2) = + 5 <_ ¢ In 2 + ¢ N 0<é<]
(€2 4+26+1 . £—1 ¢ 3 ] 3
1 — —
T 1o " Ti-etau-gl, -9 T

asCr 1 3 2
1—&) -2+ 2mi
ral f)( 213 n4p§)

Introduce MMS (Alexandrou et. al., arXiv: 1902.00587)
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Matching for twist-3 PDF gr(z)
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Matching in MMS scheme

([—€2+26+1 ¢ £ 3 3
i 1“5—1+1—§+EL_>< ot
@ (. 1\ asCr ) [ +26+1 . 46(1—-&py &€ —-£E-1
Cm(g,—g) = — 5 <_ ¢ In 2 + ¢ |, 0<é<
(2 +20+1, £-1 ¢ 3 ]
1 — —
T 1me M Tietaiogl, AN T

asCr 1 3 2
1—&) -2+ 2mi
T f)( 2+2n4p§)

Introduce MMS (Alexandrou et. al., arXiv: 1902.00587)

» Subtract divergences outside the physical region
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Matching for twist-3 PDF gr(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Matching in MMS scheme

f:—§21+_2§+11n§fl+1f§+%]+—>)’< £>1
C%(g“—j) _ . Oz;iF< :—621+2§+11n4£(1;2§)p§+€21—§£—1]+ oct<l
\:—521+_2§+11n£g1_1f§+2(13_€)]+— g £<0
+ a;?a(l— =5 —ln”—Z)

Introduce MMS (Alexandrou et. al., arXiv: 1902.00587)

» Subtract divergences outside the physical region

« Impose: [ da G (w, p,p%) = [y daq®(a, p)
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Matching in MMS scheme

([—¢2 +26+1 ¢ £ 3
T 1 ln£—1+1—€+§}+ <ot
2 [ 2 _ 2 2 _
-Cﬁl)ws(g,”—g) — + a;?< §1+2§+11n4§(1'u2§)p3+5165 1] 0<é<1
- +
[ —£24264+1 . £-1 ¢ 3
i M _1—5+2<1—5)L $<0

Introduce MMS (Alexandrou et. al., arXiv: 1902.00587)

» Subtract divergences outside the physical region

« Impose: [ da G (w, p,p%) = [y daq®(a, p)
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Matching in MMS scheme

([—€2+26+1 ¢ £ 3
¢ 1“&—1+1—§+%L
asCrp | [ +26+1 461 —-&p3 & —-¢—-1
2T <_ 1-¢ i p " 1-¢ ]+

'—$2+2§+1lng—1_ ¢ N 3 }
(L 1-¢ § 1-¢ 2(1-¢) ],

0<¢E<l

£ <0

o ot
O//abora“oo

Matching implemented by ETM Collaboration in lattice QCD

See Krzysztof’s talk for our first lattice QCD result for g ()
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Non-trivial role of zero-modes in matching for e(z) & h(z) ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Light-cone PDF Features

Example: .
P  Zero modes are unavoidable

-
/ A Y
\

(1a) __aCp [y
hL(s) (m)]mq = o ‘?(w),EPUV +In m2 1)

S’
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Light-cone PDF

Features

Example:

-
/ A Y
\

a sC I’
h(l )(m)’mq - O{Qﬂ.F‘é(w) EPUV
\ /

L(s)

S’

)

Zero modes are unavoidable

IR-dependent prefactor of zero modes
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Light-cone PDF

Features

Example: :
P « Zero modes are unavoidable
AR
\
]
@), = =@ fPoy A(n 25 1)
d NN * IR-dependent prefactor of zero modes
Quasi-PDF Features
Example: « Seemingly different looking IR pole
structure
P (@) =
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Light-cone PDF

Features

Example: :
P « Zero modes are unavoidable
AR
\
a SC !
@), = =@ fPoy A(n 25 1)
NN * IR-dependent prefactor of zero modes
Quasi-PDF Features
Example: « Seemingly different looking IR pole
structure
how@)| ==

Do quasi-PDFs and LC PDFs share same
IR physics?
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Non-trivial role of zero-modes in matching for e(z) & hy(z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

CI{SCF 1 mg

(la) _
hL,Q(s)(m) - T o \/m where, 7? = p_2 —1l<z<l
3
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

h(la) _ Cl{sch 1 m2
L,Q(s) (z) . 97 \/m where, 7? = p—f —1l<z<l
N 3
(la) ~ QSCF
hL,Q(S)(x) = o
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Non-trivial role of zero-modes in matching for e(z) & h(z) ||
SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

CI{SCF 1 ) mg

Rz ‘ = —
L,Q(S)( ) m, o \/m where, 7 = E —l<z<l

Recall:

asCp

- ‘
Mgy -

“%IV :
5(:13) Puv + In i 1
n

(la), .
hl,(s)("-')l -
'q

-~ OJSCF 1
2T xT

» Doing a twist-expansion before we calculate the
matching coefficient gives rise to an incorrect
conclusion of mismatch in the IR between quasi
& LC PDFs!
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Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

Recalj;
84 CF 1 2
hga) (x)] =-—-— 2 _ My
Q where, = — (1la
() o, 2m /22 4 2 n 2 /1111(8))(.,,',)/”1 _ ~LCF5(
g o x) Poy + ] ,ufjv
n W _
Incorrect approach Correct approach .
1 1
f(@) /
dey —— = dz f(x
/_1 V&2 +n? ~1

(la) ~ QSCF
hL,Q(S)(m) = on

+ /_ 11 da f(x) [i] ot o)

]

Doing a twist-expansion before we calculate the
matching coefficient gives rise to an incorrect
conclusion of mismatch in the IR between quasi
& LC PDFs!

By convoluting with a well-behaved test-function, it is possible
to isolate singularity at x = 0

Agreement in the IR poles between quasi & LC PDFs:
Matching possible for e(x), hp(z)

81

T

1)1



Non-trivial role of zero-modes in matching for e(z) & hy(z)

SB, Cichy, Constantinou, Metz, Scapellato, Steffens/ PRD 102 (2020)

Treatment of IR singularity for quasi-PDFs (non-zero quark mass)

Point x = 0 is extremely delicate for quasi-PDFs!

Incorrect approach

Correct approach

/_11d$\/:f'2(—$T)172 = /—11d$f($

+ /_ 11 da f(x) [i] ot o)

]

T

Doing a twist-expansion before we calculate the
matching coefficient gives rise to an incorrect
conclusion of mismatch in the IR between quasi
& LC PDFs!

By convoluting with a well-behaved test-function, it is possible
to isolate singularity at x = 0

Agreement in the IR poles between quasi & LC PDFs:
Matching possible for e(x), hp(z)
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Matching for twist-3 PDFE 7. (z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens (in preparation)

T

Matching in MMS scheme

Singular part of matching coefficient

’5(1—5)(%—%1114”—;%) E>1
s (65) = 2L s (B 1) -role)  0<e< follel = [%Lm )
s1+9)(5 - ity £<0 b(1) 601 ~ 1€ tim | U= 4 5~ 5)1m s
Canonical part of matching coefficient ;
_1igln§fl+1i§+ﬂ+ £E>1
\:1351“§g1_115+1i£]+ ¢t
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Matching for twist-3 PDFE 7. (z)
SB, Cichy, Constantinou, Metz, Scapellato, Steffens (in preparation)

T

Matching in MMS scheme

Singular part of matching coefficient

1 1 2

ra "

3/ I T T L 1™>1

([ 2 ¢ 1 1
-1_€1D€_1+1_€+E:|+ £E>1
() p?\ asCp )| 2 46(1 — &)p3 P
CMM_S(g,p%) = o <_1_£ln 2 +2(1-¢) ¢, 0<é<1
[ 2 £—1 1 1
\_1_5111 ¢ —1_£—|—1_£]+ £E<O0

84




Matching for twist-3 PDF hy(x) II
SB, Cichy, Constantinou, Metz, Scapellato, Steffens (in preparation)

Matching in MMS scheme

Singular part of matching coefficient

11, p?
C
Matching coefficient for A (z) (as well as for e(z) ) is independent of IR scheme
\ A = 3/ I [ 1> .
C éed Twistg
(5@(\ '%m Matching implemented by ETM Collaboration in lattice QCD

F
‘/o See Krzysztof’s talk for our first lattice QCD result for /7 (z)

G :
Olaborat®
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Summary & Outlook

Quasi-PDF approach has made it possible to directly access PDFs from lattice QCD

Extracted matching coefficient for gr(x), hr(x) (& e(x)) for the first time

Presence of singular zero-modes in perturbative results makes the extraction of matching coefficient
non-trivial

We laid the necessary theoretical foundation to deal with zero-modes in matching

Explore very recent twist-3 matching results by Braun, Ji, Vladimirov (arXiv: 2103.12105)
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