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Our goal is to understand how to interpret primordial PDFs based on scattering data.


2

Probing large-x structure from QCD scattering data

Plenary talk by C. Keppel

⇨ continous efforts to understand the large-x regime — CT18 for ratio d/u


⇨ e.g. role of parametrization, detailed uncertainties — at NNLO in QCD [Hou et al, PRD103]

Talk by P. Nadolsky
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FIG. 8: Top: 90% C.L. uncertainties on the ratio d(x,Q)/u(x,Q) for CT18, CT14HERAII, and CT18Z NNLO
ensembles at Q = 1.4 and 100 GeV. Bottom: Same, comparing CT18 and CT14HERAIINNLO ratios (bottom-left)

and respective NLO ratios (bottom-right) to the CJ15 NLO ensemble at Q = 10 GeV.

presented in Fig. 9. Rs(x,Q) measures the x and Q dependence of the breaking of flavor-SU(3) symmetry, with older
analyses typically fixingRs = 0.5. More recently, a number of previous CTEQ studies [55, 144] examined contemporary
constraints on Rs, particularly driven by the neutrino-induced SIDIS dimuon production measurements by the CCFR
and NuTeV Collaborations, but also by precise inclusive HERA measurements. These works found significant evidence
of an independent x dependence for s+(x)⌘ s(x)+ s̄(x), distinct from ū+d̄, but were unable to exclude a vanishing

strangeness momentum fraction asymmetry, hxis� =
R
1

0
dx x[s� s̄](x,Q = mc)=0.

In the present work, we continue to assume s�(x,Q) = 0 and focus on s+(x,Q) and the related Rs(x,Q), the
quantities that both reflect the interplay of the older charged-current DIS data and new LHC measurements that are
detailed later in Sec. V and App. A. Here let us mention that, at x ⌧ 10�3, the Rs ratio is determined entirely by
the parametrization form and was found in CT10 to be consistent with the exact SU(3) symmetry of PDF flavors,
Rs(x,Q) ! 1 at x ! 0, albeit with a large uncertainty. The SU(3)-symmetric asymptotic solution at x ! 0 was not
enforced in CT14 or CT14HERAII, so that their Rs ratio was around 0.3 to 0.5 at x ⇡ 10�5 and Q = 1.4 GeV. In
CT18, we have assumed a di↵erent s-PDF nonperturbative parametrization form (with one more parameter added),
but the one that still ensures a stable behavior of Rs for x!0, so that Rs(x ! 0) is about 0.7 and 1, respectively, in
CT18 and CT18Z fits.

3. Changes in the x dependence of PDFs, summary

We may summarize the pulls of specific processes on the central CT18 fit as follows.

• The most noticeable overall impact of the LHC inclusive jet production on the central gluon PDF g(x,Q) is to
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presented in Fig. 9. Rs(x,Q) measures the x and Q dependence of the breaking of flavor-SU(3) symmetry, with older
analyses typically fixingRs = 0.5. More recently, a number of previous CTEQ studies [55, 144] examined contemporary
constraints on Rs, particularly driven by the neutrino-induced SIDIS dimuon production measurements by the CCFR
and NuTeV Collaborations, but also by precise inclusive HERA measurements. These works found significant evidence
of an independent x dependence for s+(x)⌘ s(x)+ s̄(x), distinct from ū+d̄, but were unable to exclude a vanishing

strangeness momentum fraction asymmetry, hxis� =
R
1

0
dx x[s� s̄](x,Q = mc)=0.

In the present work, we continue to assume s�(x,Q) = 0 and focus on s+(x,Q) and the related Rs(x,Q), the
quantities that both reflect the interplay of the older charged-current DIS data and new LHC measurements that are
detailed later in Sec. V and App. A. Here let us mention that, at x ⌧ 10�3, the Rs ratio is determined entirely by
the parametrization form and was found in CT10 to be consistent with the exact SU(3) symmetry of PDF flavors,
Rs(x,Q) ! 1 at x ! 0, albeit with a large uncertainty. The SU(3)-symmetric asymptotic solution at x ! 0 was not
enforced in CT14 or CT14HERAII, so that their Rs ratio was around 0.3 to 0.5 at x ⇡ 10�5 and Q = 1.4 GeV. In
CT18, we have assumed a di↵erent s-PDF nonperturbative parametrization form (with one more parameter added),
but the one that still ensures a stable behavior of Rs for x!0, so that Rs(x ! 0) is about 0.7 and 1, respectively, in
CT18 and CT18Z fits.

3. Changes in the x dependence of PDFs, summary

We may summarize the pulls of specific processes on the central CT18 fit as follows.

• The most noticeable overall impact of the LHC inclusive jet production on the central gluon PDF g(x,Q) is to

⇨ PDF at large x reflect the valence region (x~.5) and threshold limits (x→1)


⇨ ideal for probing the nonperturbative structure of hadrons 


 early QCD pictures of hadron dynamics                       have evolved into pQCD


 early models for hadron dynamics                                have paved the way for nonperturbative approaches
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Large-x PDFs of common interest across the energy spectrum. 


⇨ We explore what we can learn about quark counting rules — the classical prediction of QCD theory.


⇨ We explore the functional mimicry of PDFs — the rôle of the parametrization.


⇨ We use the CT18NNLO global fit of proton PDFs.


⇨ we discuss implications for the pion PDFs.


⇨ We revisit the interpretation of the “data vs. physical manifestations”.

3

Probing large-x structure from QCD scattering data

Plenary talk by C. Keppel
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4

PDFs in nonperturbative QCD

Q2

uud uud

qq̅

g

µ2
0

<latexit sha1_base64="43gIk+mjQLQUIFdORxtUtv5jJas=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjKP2rorunFZwbZCO5ZMmmlDM5khyQhl6Ee4caGIW7/HnX9j+hBU9MCFwzn3cu89YcqZ0gh9WIWV1bX1jeJmaWt7Z3evvH/QVkkmCW2RhCfyNsSKciZoSzPN6W0qKY5DTjvh+HLmd+6pVCwRN3qS0iDGQ8EiRrA2UqcXZ3105/bLFWQ7ro9QDSK76p27Vd+Q2plX93zo2GiOClii2S+/9wYJyWIqNOFYqa6DUh3kWGpGOJ2WepmiKSZjPKRdQwWOqQry+blTeGKUAYwSaUpoOFe/T+Q4VmoSh6Yzxnqkfnsz8S+vm+moHuRMpJmmgiwWRRmHOoGz3+GASUo0nxiCiWTmVkhGWGKiTUIlE8LXp/B/0nZtx7Pda7/SuFjGUQRH4BicAgfUQANcgSZoAQLG4AE8gWcrtR6tF+t10VqwljOH4Aest08VZI9q</latexit>

µ2
<latexit sha1_base64="ChJru4AAqNL6nxn242l73CYdw3I=">AAAB7HicdVDLSgMxFM3UV62vqks3wSK4GuZVW3dFNy4rOK3QjiWTZtrQJDMkGaGUfoMbF4q49YPc+TemD0FFD1w4nHMv994TZ4wq7TgfVmFldW19o7hZ2tre2d0r7x+0VJpLTEKcslTexkgRRgUJNdWM3GaSIB4z0o5HlzO/fU+koqm40eOMRBwNBE0oRtpIYZfnd16vXHFs1wscpwYdu+qfe9XAkNqZX/cD6NrOHBWwRLNXfu/2U5xzIjRmSKmO62Q6miCpKWZkWurmimQIj9CAdAwViBMVTebHTuGJUfowSaUpoeFc/T4xQVypMY9NJ0d6qH57M/Evr5PrpB5NqMhyTQReLEpyBnUKZ5/DPpUEazY2BGFJza0QD5FEWJt8SiaEr0/h/6Tl2a5ve9dBpXGxjKMIjsAxOAUuqIEGuAJNEAIMKHgAT+DZEtaj9WK9LloL1nLmEPyA9fYJ7reOxw==</latexit>

 at hadronic scale        < 1GeV2  

⇨ prefactorization picture

⇨ nonperturbative dynamics

⇨ model’s degrees of freedom


    

µ2
0

<latexit sha1_base64="OfVZeqf+DbHDPlvtPUabfHLwUg8=">AAAB7nicdVDLSgMxFL1TX7W+qi7dBIvgapiphbosunFZwT6gHUsmzbShSWZIMkIZ+hFuXCji1u9x59+YaSv4PBByOOde7r0nTDjTxvPencLK6tr6RnGztLW9s7tX3j9o6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNOLnO/c0eVZrG8MdOEBgKPJIsYwcZKnb5IB95tdVCueG7Ny4F+E9+d/14FlmgOym/9YUxSQaUhHGvd873EBBlWhhFOZ6V+qmmCyQSPaM9SiQXVQTZfd4ZOrDJEUazskwbN1a8dGRZaT0VoKwU2Y/3Ty8W/vF5qovMgYzJJDZVkMShKOTIxym9HQ6YoMXxqCSaK2V0RGWOFibEJlWwIn5ei/0m76vpnbvW6VmlcLOMowhEcwyn4UIcGXEETWkBgAvfwCE9O4jw4z87LorTgLHsO4Ruc1w+9wY8t</latexit>

 at factorization scale       > 1GeV2   


⇨ quasi-free partonic degrees of freedom

⇨ defined in the MSbar scheme

⇨ leading-power approximation to full dynamics   

µ2
<latexit sha1_base64="/04BCsWVut3FbrxaMrNcAgyx/qE=">AAAB7HicdVDLSgMxFL3js9ZX1aWbYBFcDTO1oMuiG5cVnLbQjiWTZtrQJDMkGaEM/QY3LhRx6we582/MtBV8Hgg5nHMv994TpZxp43nvztLyyuraemmjvLm1vbNb2dtv6SRThAYk4YnqRFhTziQNDDOcdlJFsYg4bUfjy8Jv31GlWSJvzCSlocBDyWJGsLFS0BPZba1fqXpu3SuAfhPfnf1eFRZo9itvvUFCMkGlIRxr3fW91IQ5VoYRTqflXqZpiskYD2nXUokF1WE+W3aKjq0yQHGi7JMGzdSvHTkWWk9EZCsFNiP90yvEv7xuZuLzMGcyzQyVZD4ozjgyCSouRwOmKDF8YgkmitldERlhhYmx+ZRtCJ+Xov9Jq+b6p27tul5tXCziKMEhHMEJ+HAGDbiCJgRAgME9PMKTI50H59l5mZcuOYueA/gG5/UDlyOOig==</latexit>

Phenomenological PDFs
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5

PDFs in nonperturbative QCD Phenomenological PDFs

  ⇨ we can learn about nonperturbative dynamics by 
comparing predictions to data for the simplest scattering 
processes (DIS and DY)


    

 ⇨ pheno PDFs are determined from analyzing many 
processes with complex scattering dynamics


How to relate the x dependence of the perturbative and nonperturbative pictures? 

µ2
0

<latexit sha1_base64="43gIk+mjQLQUIFdORxtUtv5jJas=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjKP2rorunFZwbZCO5ZMmmlDM5khyQhl6Ee4caGIW7/HnX9j+hBU9MCFwzn3cu89YcqZ0gh9WIWV1bX1jeJmaWt7Z3evvH/QVkkmCW2RhCfyNsSKciZoSzPN6W0qKY5DTjvh+HLmd+6pVCwRN3qS0iDGQ8EiRrA2UqcXZ3105/bLFWQ7ro9QDSK76p27Vd+Q2plX93zo2GiOClii2S+/9wYJyWIqNOFYqa6DUh3kWGpGOJ2WepmiKSZjPKRdQwWOqQry+blTeGKUAYwSaUpoOFe/T+Q4VmoSh6Yzxnqkfnsz8S+vm+moHuRMpJmmgiwWRRmHOoGz3+GASUo0nxiCiWTmVkhGWGKiTUIlE8LXp/B/0nZtx7Pda7/SuFjGUQRH4BicAgfUQANcgSZoAQLG4AE8gWcrtR6tF+t10VqwljOH4Aest08VZI9q</latexit>

µ2 ⇠ Q2
<latexit sha1_base64="EodiPXWk1Vr79D8QsvGCujm7Zko=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQpKmtu6Kbly2YB/QpGUynbRDZ5I4MymU0O9w40IRt36MO//G6UNQ0QMXDufcy733BAmjUlnWh7G2vrG5tZ3bye/u7R8cFo6OWzJOBSZNHLNYdAIkCaMRaSqqGOkkgiAeMNIOxjdzvz0hQtI4ulPThPgcDSMaUoyUlnyPpz3Hk5TDRs/pF4qWaTuuZVWgZZZLV07Z1aRyWaqWXGib1gJFsEK9X3j3BjFOOYkUZkjKrm0lys+QUBQzMst7qSQJwmM0JF1NI8SJ9LPF0TN4rpUBDGOhK1JwoX6fyBCXcsoD3cmRGsnf3lz8y+umKqz6GY2SVJEILxeFKYMqhvME4IAKghWbaoKwoPpWiEdIIKx0Tnkdwten8H/Scky7ZDoNt1i7XsWRA6fgDFwAG1RADdyCOmgCDO7BA3gCz8bEeDRejNdl65qxmjkBP2C8fQIzCJG9</latexit>
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Testing Quark Counting Rules

Threshold limit in DIS ⇨ x →1

Proved for exclusive and inclusive processes


p=#spectators

Brodsky and Farrar, PRL31 and PRD11

Ezawa, Nuovo Cim. A23


Berger and Brodsky, PRL42

Soper, PRD15

F2(xB) ����!
xB!1

(1� xB)
2p�1+2|�q��A|

<latexit sha1_base64="vKW47Xo7IbaOPpM3G7skoSZhpcU="></latexit>

⇦ extended from SF — without  λ

(a) (b) (c)

(d)

ϕ ϕ* ϕ ϕ* ϕ ϕ*

ϕ ϕ*

f(x) ����!
xB!1

(1� xB)
n=3 (1� xB)

n>4 (1� xB)
n>5

<latexit sha1_base64="WDVImx4J9EwepdamdnZsivjzoqM="></latexit>

λq & λA =helicities of active quark and target

1. Structure functions

2. Unpolarized PDFs



A. Courtoy & P. Nadolsky ________________Testing Counting Rules____________________DIS2021


6

Testing Quark Counting Rules

Threshold limit in DIS ⇨ x →1

Proved for exclusive and inclusive processes


p=#spectators

Brodsky and Farrar, PRL31 and PRD11

Ezawa, Nuovo Cim. A23


Berger and Brodsky, PRL42

Soper, PRD15

F2(xB) ����!
xB!1

(1� xB)
2p�1+2|�q��A|

<latexit sha1_base64="vKW47Xo7IbaOPpM3G7skoSZhpcU="></latexit>

⇦ extended from SF — without  λ

(a) (b) (c)

(d)

ϕ ϕ* ϕ ϕ* ϕ ϕ*

ϕ ϕ*

f(x) ����!
xB!1

(1� xB)
n=3 (1� xB)

n>4 (1� xB)
n>5

<latexit sha1_base64="WDVImx4J9EwepdamdnZsivjzoqM="></latexit>

λq & λA =helicities of active quark and target

1. Structure functions

2. Unpolarized PDFs

Complementary testing to first principles
Scale dependent 
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Do we observe QCRs in data described by pQCD?

Narrowing the question: Do we find clear evidence or tentative hints?

Agreement of model with data — here a (1-x)A2 behavior

uncertainties needed for a faithful conclusion.
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Narrowing the question: Do we find clear evidence or tentative hints?

Agreement of model with data — here a (1-x)A2 behavior

uncertainties needed for a faithful conclusion.⇏
Evidence of polynomial form: 

there is more than one possible solution to the choice of functional form.
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Agreement of model with data — here a (1-x)A2 behavior

uncertainties needed for a faithful conclusion.⇏
Evidence of polynomial form: 

there is more than one possible solution to the choice of functional form.

Testing specific x-shapes:

0.75 0.80 0.85 0.90 0.95 1.00

0.05

0.10

0.15

0.20

0.25

0.30

What is large x? Pheno: x∈[.6,~.9], theory: x→1

A sum of (1-x)-power contributions can globally fit to a lower power 

4X

n=2

↵n (1� x)n

<latexit sha1_base64="ZFAAwaUb078ahzOfKdBELwQqcK8="></latexit>

= (1� x)
<latexit sha1_base64="Uh5OfDrTHl+SfIosBdUJu8gIovQ=">AAAB7XicdVDLSsNAFJ34rPVVdelmsAh1YUjSNrYLoejGZQX7gDaUyXTSjp1kwsxELKX/4MaFIm79H3f+jZO2gooeuHA4517uvcePGZXKsj6MpeWV1bX1zEZ2c2t7Zze3t9+UPBGYNDBnXLR9JAmjEWkoqhhpx4Kg0Gek5Y8uU791R4SkPLpR45h4IRpENKAYKS01zwv26f1JL5e3zIpbrJQdaJlFt1xyU2JXbbfqQNu0ZsiDBeq93Hu3z3ESkkhhhqTs2FasvAkSimJGptluIkmM8AgNSEfTCIVEepPZtVN4rJU+DLjQFSk4U79PTFAo5Tj0dWeI1FD+9lLxL6+TqKDiTWgUJ4pEeL4oSBhUHKavwz4VBCs21gRhQfWtEA+RQFjpgLI6hK9P4f+k6Zh20XSuS/naxSKODDgER6AAbHAGauAK1EEDYHALHsATeDa48Wi8GK/z1iVjMXMAfsB4+wSFyY50</latexit>

1.  Global/local degree of polynomial

2.  Polynomial mimicry

Mathematical equivalence of polynomials of different orders.
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Bézier curves

2. Bézier curves give an example of mathematical equivalence of polynomials of different orders

f(x) = ↵(1� x)2 + 2�(1� x)x+ �x2
<latexit sha1_base64="BxfMASCKXdgWGfimFzm47P6PeKQ=">AAACGHicdVDLSgMxFM3UV62vqks3wSK0FOtMLehGKLpxWcG2QqeWO2mmDU1mhiQjLaWf4cZfceNCEbfd+TemD8Hngcs9nHMvyT1exJnStv1uJRYWl5ZXkquptfWNza309k5NhbEktEpCHsobDxTlLKBVzTSnN5GkIDxO617vYuLX76hULAyu9SCiTQGdgPmMgDZSK33kZ/u5Mxd41IWsc9jP3RZxvohdj2rAU6GP824HhADcN14rnbELJXsC/Js4hWm3M2iOSis9dtshiQUNNOGgVMOxI90cgtSMcDpKubGiEZAedGjD0AAEVc3h9LARPjBKG/uhNBVoPFW/bgxBKDUQnpkUoLvqpzcR//IasfZPm0MWRLGmAZk95Mcc6xBPUsJtJinRfGAIEMnMXzHpggSiTZYpE8Lnpfh/UisWnONC8aqUKZ/P40iiPbSPsshBJ6iMLlEFVRFB9+gRPaMX68F6sl6tt9lowprv7KJvsMYfkAKcXA==</latexit>

1 2

0.2

0.4

0.6

0.8

defined using Bernstein basis polynomials:

1 2

0.2

0.4

0.6

f(x) = ↵(1� x)3 + 3�0(1� x)2x+ 3�00(1� x)x2 + �x3
<latexit sha1_base64="u7820Q5F/jWQZnoT3lZviRQZ6wE="></latexit>

�0,�00 ⌘ F [↵,�, �]
<latexit sha1_base64="/2zPzAOg2oIbZY5ao9ejtAKy3ls=">AAACF3icdVBNSwMxEM36WetX1aOXYBE9yLKtgh5FQTxWsK2wu5TZdNoGk901yQql+C+8+Fe8eFDEq978N2bbCn4+CPN4b4bJvCgVXBvPe3cmJqemZ2YLc8X5hcWl5dLKakMnmWJYZ4lI1EUEGgWPsW64EXiRKgQZCWxGl8e537xGpXkSn5t+iqGEbsw7nIGxUqvkBhEa2NoZlS0a4FXGr+mJTwMQaQ9Gxg4NuiAlhK1S2XP3vBz0N6m4w+qVyRi1VuktaCcskxgbJkBrv+KlJhyAMpwJvCkGmcYU2CV00bc0Bok6HAzvuqGbVmnTTqLsiw0dql8nBiC17svIdkowPf3Ty8W/PD8znYNwwOM0Mxiz0aJOJqhJaB4SbXOFzIi+JcAUt3+lrAcKmLFRFm0In5fS/0mj6lZ23erZXvnwaBxHgayTDbJNKmSfHJJTUiN1wsgtuSeP5Mm5cx6cZ+dl1DrhjGfWyDc4rx9Wm54t</latexit>

can be used to interpolate discrete data points

The interpolation through Bézier curves is unique if the polynomial degree= (# points-1): 

there’s a closed-form solution to the problem,

8

III. TESTING LARGE-x PDFS IN EXPERIMENTAL MEASUREMENTS

A. Bézier curves as polynomial interpolations of discrete data

Models of the hadron structure make concrete predictions for the x dependence of the structure functions and
PDFs. One can straightforwardly check the agreement of a given model with an experimental observation within
the uncertainties. A stronger assertion, that the experiment demands the 1� x dependence of the PDFs to follow a
specific power law, is di�cult to demonstrate since the functional forms of the PDFs are not known exactly. This is
clearly not possible in the presence of local or resonant structures that disagree with the global trend. Even when the
PDF functional forms are restricted to be polynomial, the discrete experimental data can be compatible with multiple
functional forms.

To illustrate why, consider an idealized example, in which we seek a polynomial function f
(n)(x) of degree n to

interpolate k + 1 data points {x0, p0}, {x1, p1},..., {xk, pk} that have no uncertainty. Our points satisfy 0  xi  1.
From mathematics, we know that the existence and number of the interpolating solutions depend on the degree n of
the polynomial.

If n = k, the unisolvence theorem guarantees that there exists a unique interpolating polynomial going through
all points: f

(n)(xi) = pi. Two equivalent closed-form solutions for the interpolating polynomial are given by the
Lagrange polynomial,

L
(n)(x) ⌘

kX

i=0

pi

kY

m=1
m 6=i

x� xm

xi � xm
for n = k, (14)

and by a Bézier curve of degree n,

B
(n)(x) =

nX

l=0

cl Bn,l(x), (15)

constructed from Bernstein basis polynomials

Bn,l(x) ⌘

✓
l

n

◆
x
l(1� x)n�l

. (16)

Denote the vector B(n)(xi) as B. This vector can be written in a matrix form [50, 51],

B = T ·M · C, (17)

where C ⌘ kclk;

M ⌘ kmlpk with mlp =

8
><

>:
(�1)p�l

 
l

n

! 
n� p

n� l

!
, l  p

0, l > p

; (18)

and T ⌘ ktipk with tip = x
p
i . Here i runs from 0 to k, and l, p run from 0 to n.

Given the matrix P ⌘ kpik of data values, the matrix C for the Bézier curve B
(n)(x) going through all points

satisfies [51]

C = M
�1

· T
�1

· P for n = k. (19)

This equation shows that k+1 data points uniquely determine the polynomial of order n = k, assuming no experimental
errors.

If n < k, an interpolating solution that goes through all points may not exist. Rather, there is a Bézier curve that
minimizes the total squared distance to pi,

�
2(P,B) =

kX

i=0

⇣
B
(n)(xi)� pi

⌘2
= (P � T ·M · C)T · (P � T ·M · C). (20)

The matrix of the coe�cients of this Bézier curve is

C = M
�1

· (TT
T )�1

· T
T
· P for n < k. (21)
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with the Bernstein pol. 

The interpolation through Bézier curves allows an expansion in (1-x) about x=1:

u⇡(x ! 1) =
nX

i=0

c̄i (1� x)i

<latexit sha1_base64="Wu62AiJCkQ+MJaWZzwn5V87Scfc="></latexit>
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B	4)[x]

N=0 and 1

N=2

N=3

f=30x2(1-x)2

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
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3.0

x

f[x
]

Fits by B	4 )[x], Σl=1Ncl (1-x)l� to 9 points-

FIG. 2: (a,b) Bézier and polynomial fits to 9 discrete points sampled from the functions f(x) specified in the figures.
(c,d) Same as (b), for di↵erent ranges and spacings of x covered by the sampled points.

B. E↵ective large-x exponent

The example in Fig. 2 demonstrates that mimicry of the fitted functional forms impedes determination of the lowest
powers in the monomial (1 � x) expansion even in an idealized fit to a few ”data” points without uncertainties. An
interpolation or fit by a high-degree polynomial may render terms with low powers of (1�x) that are not present in the
fitted function, and which depend on how the data are sampled. In QCD, there is no reason to expect that coe�cients
c̄l for high powers of (1� x) are suppressed in the PDFs. Statistical and systematic errors in the measurements also
get in the way of the determination of the analytic (1� x) dependence.

The remainder of the article will follow a less pretentious path. Predictions of QCR’s and various nonperturbative
models suggest that, in the x(B) ! 1 limit, the structure functions or PDFs, denoted collectively as F(x(B), Q

2),
behave as

F(x(B), Q
2) = (1� x(B))

A2 ⇥ �(1� x(B)) , (26)

[AC & Nadolsky, PRD 103 (2021)]
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Pinning down the large-x behaviour?

Take a realistic functional form, here

Sample 9 points with x < 0.975 from this function and interpolate by a Bezier curve. [This interpolation is exact.] 

The lowest coefficients of the monomial expansion (N=1, 2, 3) are spurious and depend on the range and spacing of the sampled data.


⇨ The lowest powers of the expansion cannot be meaningfully reconstructed.
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Can we still find hints for QCRs?

Aeff
2 (F2) ⌘

@ ln (F2(x,Q))

@ ln (1� x)
<latexit sha1_base64="gehL4JjMeEdH4idxoyvx+wY8Bh0="></latexit>

Effective exponent for x →1

CT18 [Hou et al, PRD103] and all main global fits assume

fa/A(x,Q
2
0) = xA1,a(1� x)A2,a ⇥ �a(x)

<latexit sha1_base64="YYKrXgzz+ucGYQyorZq4Io8NniA="></latexit>

Structure Function follows QCRs within uncertainties.


 Non-negligible running with Q2


 Bjorken regime defined for particular W2 and Q2 regions 

    (Q2 →∞ and W2 >mp2+(1-x)/x Q2 )

Two sources of uncertainties  showed: 

1. Hessian errors from fit output


2. Parametrization choice

         a Bézier curve for CT18

           ≣smooth pol. of degree n
�a,n

<latexit sha1_base64="3Vzp1sQ49Ek7faBfbTDJeRT8Ous=">AAAB8XicdVDLSgNBEOz1GeMr6tHLYBA8yLKJgh6DXjxGMA9MltA7mU2GzM4uM7NCWPIXXjwo4tW/8ebfOJtE8FkwTFHVTXdXkAiujee9OwuLS8srq4W14vrG5tZ2aWe3qeNUUdagsYhVO0DNBJesYbgRrJ0ohlEgWCsYXeZ+644pzWN5Y8YJ8yMcSB5yisZKt936kPcyPJaTXqnsuVUvB/lNKu7098owR71Xeuv2Y5pGTBoqUOtOxUuMn6EynAo2KXZTzRKkIxywjqUSI6b9bLrxhBxapU/CWNknDZmqXzsyjLQeR4GtjNAM9U8vF//yOqkJz/2MyyQ1TNLZoDAVxMQkP5/0uWLUiLElSBW3uxI6RIXU2JCKNoTPS8n/pFl1Kydu9fq0XLuYx1GAfTiAI6jAGdTgCurQAAoS7uERnhztPDjPzsusdMGZ9+zBNzivH12QkLc=</latexit>

Data on F2 described by pQCD

see Ball et al, EPJC76 as well
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Data on F2 described by pQCD

see Ball et al, EPJC76 as well
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Data do not constrain the x> 0.8 region

⇨ experiments compatible with multiple parametric forms at large x


Q0=1.3 GeV is the starting evolution scale

1. Hessian error propagation from fit output

2. Choice of functional form: 


• there is more than one representation with equally good agreement

• dominant error for valence quarks

x=0.8Q=2GeV

[Hou et al, 1912.10053]

CT18: W2>15GeV2 , fixed order, Q2>4GeV2

NNLO Pheno PDFs Talk by P. Nadolsky
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Can we see the evidence for QCRs in uV and dV?
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Mild running expected in pQCD 

(e.g. Eur.Phys.J.C 76, Phys. Lett. B112)

Repeat the fit with N=363 functional forms


Variations of less than .5% in   


Extrapolation in the region x>0.75-0.8


1. Hessian error propagation from tabulated A2

2. Hessian error propagation for A2,eff from CT18NNLO


3. Scatter plot for the central fits for N parametrizations 
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Running expected in pQCD 

(e.g. Eur.Phys.J.C 76, Phys. Lett. B112)

Repeat the fit with N=363 functional forms


Variations of less than .5% in   


Extrapolation in the region x>0.75-0.8


1. Hessian error propagation from tabulated A2 @68%CL


2. Hessian error propagation for A2,eff from CT18NNLO @68%CL


3. Scatter plot for the central fits for N parametrizations 
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<latexit sha1_base64="AAOaY1+MWtSzHC1In1s8gYnyHOA=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCIISkCrosunFZwT6gDWUymbRDJ5MwD6GGfIkbF4q49VPc+TdO0go+Dwz3cM693DsnSBmVynXfrcrS8srqWnW9trG5tV23d3a7MtECkw5OWCL6AZKEUU46iipG+qkgKA4Y6QXTy8Lv3RIhacJv1CwlfozGnEYUI2WkkV0fBkhkOj8ua5iP7IbrNN0C8DfxnLK6DbBAe2S/DcME65hwhRmScuC5qfIzJBTFjOS1oZYkRXiKxmRgKEcxkX5WHp7DQ6OEMEqEeVzBUv06kaFYylkcmM4YqYn86RXiX95Aq+jczyhPtSIczxdFmkGVwCIFGFJBsGIzQxAW1NwK8QQJhJXJqmZC+Pwp/J90m4534jSvTxuti0UcVbAPDsAR8MAZaIEr0AYdgIEG9+ARPFl31oP1bL3MWyvWYmYPfIP1+gEbDpNh</latexit>

�2
<latexit sha1_base64="U7bun0dsXjoLuK8Wk3Wt+yrZgcQ=">AAAB7XicdVDLSgMxFL1TX7W+qi7dBIvgapipBV0W3bisYB/QjiWTZtrYTDIkGaEM/Qc3LhRx6/+482/MtBV8Hgg5nHMv994TJpxp43nvTmFpeWV1rbhe2tjc2t4p7+61tEwVoU0iuVSdEGvKmaBNwwynnURRHIectsPxRe6376jSTIprM0loEOOhYBEj2Fip1SMjdlPtlyueW/NyoN/Ed2e/V4EFGv3yW28gSRpTYQjHWnd9LzFBhpVhhNNpqZdqmmAyxkPatVTgmOogm207RUdWGaBIKvuEQTP1a0eGY60ncWgrY2xG+qeXi3953dREZ0HGRJIaKsh8UJRyZCTKT0cDpigxfGIJJorZXREZYYWJsQGVbAifl6L/Savq+idu9apWqZ8v4ijCARzCMfhwCnW4hAY0gcAt3MMjPDnSeXCenZd5acFZ9OzDNzivHzonjuY=</latexit>

��� ��� ��� ��� ��� ��� ���

�

�

�

�

�

�

�

��

�� [�]

� �
[�
+�

]

�=����
�=��� ���

� � � �

�

�

�

�

�

�

�

� �
��
��
[�
+�

]

�=����
�=��� ���

� � � �

�

�

�

�

�

�

�

�=����
�=���� ���

� � � �

�

�

�

�

�

�

�

�=����
�=����� ���

� � � �
�

�

�

�

�

�

� �
��
��
[�
+�

]

�=���
�=��� ���

� � � �
�

�

�

�

�

�

�=���
�=���� ���

� � � �
�

�

�

�

�

�

�=���
�=����� ���

� � � � �

�

�

�

�

��� ��� [�]

� �
��
��
[�
+�

]

�=�����
�=��� ���

� � � � �

�

�

�

�

��� ��� [�]

�=�����
�=���� ���

� � � � �

�

�

�

�

��� ��� [�]

�=�����
�=����� ���

� � � �

�

�

�

�

�

�

�

� �
��
��
[�
+�

]

�=����
�=��� ���

� � � �

�

�

�

�

�

�

�

�=����
�=���� ���

� � � �

�

�

�

�

�

�

�

�=����
�=����� ���

� � � �
�

�

�

�

�

�

� �
��
��
[�
+�

]

�=���
�=��� ���

� � � �
�

�

�

�

�

�

�=���
�=���� ���

� � � �
�

�

�

�

�

�

�=���
�=����� ���

� � � � �

�

�

�

�

��� ��� [�]

� �
��
��
[�
+�

]

�=�����
�=��� ���

� � � � �

�

�

�

�

��� ��� [�]

�=�����
�=���� ���

� � � � �

�

�

�

�

��� ��� [�]

�=�����
�=����� ���



A. Courtoy & P. Nadolsky ________________Testing Counting Rules____________________DIS2021


14

Are the effective powers the same for all processes and flavors?

⇨  A2uv=A2dv at x→1

Sensitivity discussed 
in talk by X. Jing

• Proton BCDMS and DY E866 favor a larger value of A2ef [uv]

• Deuteron BCDMS favors a smaller value of A2ef [uv] 

• A2ef [uv] largely follows A2eff [F2]

• Tradeoff between opposite pulls of HERA and NMC at x<0.85

L2 sensitivity shows the correlation 
between observable and objective 
function for that particular choice.
 [Phys.Rev. D98 (2018)], [Phys.Rev.D 100 (2019)]
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Large-x PDF from colliders?
High-x ZEUS data in 
talk by R. Aggarwal

363 replicas shown at given Q values

⇨  We can examine the ratio A2eff [uv]/A2eff[dv] at x=0.7


⇨  The Q dependences of A2eff [uv] and A2eff [dv] cancel out because both obey the non-singlet DGLAP equation


⇨  Continuity from high- to small-Q values

⇨  The flavor separation of nonperturbative A2eff [uv] and A2eff [dv] can be deduced from high-Q data
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 The shape of the pion PDF

Low-energy manifestations


 Emergence of Hadronic Mass: broadens the PDF at 


 QCRs: (1-x)2 tail at mid-Q2 values


⇨ concurring effects  at a scale       µ2
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28 Pion Distribution Amplitude

with � = 11/3Nc � 2/3Nf and ⇤ is the scale of QCD. In order to find the value of Q0, we need
to fix the value of ⇤ consistently with the evolution code; i.e. we choose ⇤ = 0.174GeV. Following
the NLO evolution, one is to use ⇤ = 0.246GeV.

Knowing that the momentum fraction of each valence quark at Q = 2 GeV is 0.235 [192], we
fix the initial point of the evolution in such a way that the evolution of the second moment of the
pion Parton Distribution reproduces this result. This condition is fulfilled at a rather low value,
i.e.

Q0 = 0.29GeV , for the LO evolution ;

Q0 = 0.43GeV , for the NLO evolution .

(2.30)

Figure 2.4: Pion parton distribution. See text.

The first result that we obtained is that the PDF
resulting from the NLO evolution is basically unim-
proved with respect to the one evolved to LO. In
order to illustrate the latter statement, we have de-
picted the pion PD evolved at both LO and NLO in
Fig. 2.4. The solid (black) line of the Figure corre-
sponds to the LO evolution of the NJL model pre-
diction while the dashed (red) line represents the
NLO. Both evolved results are compared to the ex-
perimental data [65]. The agreement with the data
is not better in one or the other case. The e↵ect of
the NLO evolution is compensated in the LO evolu-
tion going to a lower value of Q0, a result that has
already been noticed in proton Parton Distributions
[200]. It is therefore obvious that, for numerical rea-
sons, we will prefer to evolve the distributions to LO.

The method used here is also applied by the au-
thors of Ref. [103]. There exists other ways of fixing

the scale, using di↵erent data or comparing with lattice data. They are reviewed in the latter
Reference.

The QCD evolution of the Pion DA

The Distribution Amplitudes have a logarithmic dependence in Q which is completely determined
by the QCD evolution equations derived in Ref. [138, 139, 140]. The QCD evolution equations for
the distribution amplitudes can be expressed, to leading order, in terms of Gegenbauer polynomials
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where only even n contribute since �(x,Q) = �(1 � x,Q) is required by isospin. The anomalous
dimensions are
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the NLO evolution, one is to use ⇤ = 0.246GeV.

Knowing that the momentum fraction of each valence quark at Q = 2 GeV is 0.235 [192], we
fix the initial point of the evolution in such a way that the evolution of the second moment of the
pion Parton Distribution reproduces this result. This condition is fulfilled at a rather low value,
i.e.

Q0 = 0.29GeV , for the LO evolution ;

Q0 = 0.43GeV , for the NLO evolution .
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Figure 2.4: Pion parton distribution. See text.

The first result that we obtained is that the PDF
resulting from the NLO evolution is basically unim-
proved with respect to the one evolved to LO. In
order to illustrate the latter statement, we have de-
picted the pion PD evolved at both LO and NLO in
Fig. 2.4. The solid (black) line of the Figure corre-
sponds to the LO evolution of the NJL model pre-
diction while the dashed (red) line represents the
NLO. Both evolved results are compared to the ex-
perimental data [65]. The agreement with the data
is not better in one or the other case. The e↵ect of
the NLO evolution is compensated in the LO evolu-
tion going to a lower value of Q0, a result that has
already been noticed in proton Parton Distributions
[200]. It is therefore obvious that, for numerical rea-
sons, we will prefer to evolve the distributions to LO.

The method used here is also applied by the au-
thors of Ref. [103]. There exists other ways of fixing

the scale, using di↵erent data or comparing with lattice data. They are reviewed in the latter
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The QCD evolution of the Pion DA

The Distribution Amplitudes have a logarithmic dependence in Q which is completely determined
by the QCD evolution equations derived in Ref. [138, 139, 140]. The QCD evolution equations for
the distribution amplitudes can be expressed, to leading order, in terms of Gegenbauer polynomials
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LO

NLO

PDF broadening in NJL vs. QCRs

Plot by R. Ent

AMBER meeting 12/20

(1-x)-tail often appears in global analyses


 explained by mimicry, process dependence, QCD corrections,…


 nonperturbative approaches can also be affected by mimicry.

Can large-x PDFs be used to validate a manifestation of QCD dynamics?

there exists a necessary —agreement with data—but no sufficient condition — due to mimicry.

Pion PDF analysis

in talk by P. Barry
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Conclusions

We have analyzed the quark counting rules for the CT18NNLO global fit for the proton PDFs.

We have addressed the question of their universality for processes, flavors as well as Structure Function vs. PDFs.

⇨ The Q2 dependence of the (1-x)-power is not negligible — supported by other global fits and by pQCD.


⇨ Global analyses rely on complex processes: underlying hadronic activity.


⇨ The universality of Quark Counting Rules for PDFs depends on the validity of factorization —O(M/Q) terms.


⇨ Mimicry reconciles many parametrizations of PDFs with measurements.


⇨ The uncertainties must be estimated from both the nonperturbative and the pheno side 


⇨ highlight on the parametrization dependence!


The interpretative effective (1-x)-exponent at x→1 contains information 


from nonperturbative manifestations to high energy observables.
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