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Lorentz	invariance	relations	(LIRs)		connect the	twist-2	and	twist-3	parton distribution	functions	
(PDFs)	and	weighted	moments	of	transverse	momentum	dependent	(TMD)		correlation	functions

Lorentz	invariance	relations	(LIRs)

ASLAN,	GAMBERG,	ROGERS,	LORENTZ	INVARIANCE	RELATION	ANOMALIES	AND	INTRINSIC	PARTON	
TRANSVERSE	MOMENTUM 3

The	distributions	on	
the	l.h.s are	twist-3

The	distributions	on	
the	r.h.s are	twist-2

The	superscript	 1 indicates	the	
𝑘#$ moment of	the	TMD

Some	examples	for	LIRs

P.J. Mulders and R.D. Tangerman, Nucl. Phys. B 461, 197-237 (1996). 
D. Boer and P.J. Mulders, Phys. Rev. D 57, 5780 (1998). 



Derivation	of	LIRs
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The	quark	correlator	
written	in	a	Lorentz	

invariant	form

𝑎& ≡ 𝑎& 𝑘$, 𝑘. 𝑃
𝑘: Parton momentum

𝑃, 𝑆: Hadron	momentum,	spin

↵(µ) ⇡
↵(µ0)

[1� ↵(µ0) log(µ2/⇤2)]

What are the values of ↵(µ0) and ⇤
2

8. What are some comments on the QCD version of the calculation?

2 Prensentation

No Wilson lines With Wilson lines

�(k, P, S) = a1
1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · · �(k, P, S, ⌫) = a1

1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · ·+b1M

S · ⌫

P · ⌫
/P�5 + b2M

S · ⌫

P · ⌫
/k�5 + · · ·

gT (x) = g1(x) +
d

dx
g(1)1T gT (x) = g1(x) +

d

dx
g(1)1T +ĝT (x)

The correlator

LIR

Transverse cut o↵ LIR DGLAP

Fixed 7 3

x-dependent 3 7

Tr(��) =
R
d4⇠eik.⇠hPS| ̄(0)� (⇠)|PSi

2

M:	Hadron	mass

Projections
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Example
Derivation	of	LIRs

Distributions Transverse integrals

Collinear PDFs MS

TMD PDFs Cut o↵

gT (x)| {z }
twist�3

pdf

= g1(x)| {z }
twist�2

pdf

+
d

dx
g(1)1T (x)| {z }
twist�2

tmd

3

Comparing this to Eq.(31):

g0T (x, k
2
T ) =

g2
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m

M
)(k2T + ⇤

2
1)
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2
(35)

gTT (x, k
2
T ) =

g2

(2⇡)3
M2

(1� x)

(k2T + ⇤2
2)

2
(36)

Integration with cut o↵: We take the transverse momentum integral of g0T (x, kT ) and gTT (x, kT ) using a cut o↵

Si
T
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This result is the same as the equation right above Eq(6) (on page 3) in the hand written notes.

Defining the x-axis along ST ,

1
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0
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i
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This result is the same as the equation on page 4 in the hand written notes.

Adding the results in Eqs. (37) and (38) to get gCut.off
T (x)

Si
T

P+

g2

16⇡2
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(
ln(
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(39)

Z
d2kT�

[�5�
i]
(x, kT ) =

Si
T

P+
gT (x) (40)
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3 Derivation of LIR

P =

✓
P+,

M2

2P+
,0T

◆
(4)

k =

✓
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k2 + k2T
2xP+

,kT

◆
(5)

S =
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M
,�
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k · S = k+S�
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2
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M
� kT · ST (7)

k · P = k+P�
+ k�P+

=
xM2

2
+ k�P+

(8)

� is a general Dirac matrix which is a function of k (parton momentum), P and S(nucleon momentum and spin) and can be

written as

�(k, P, S) = a4
�5/S

M3
+ a7

(k · S)�5 /P

M5
+ a8

(k · S)�5/k

M5
+ · · · (9)

Since it is a Yukawa theory there are no Wilson lines and hence no extra four-vectors introduced by those. The a’s are scalar

functions which can depend on the only scalars available: k2, P 2
and k · P . (The other scalars are P · S and k · S. But

P · S = 0 and therefore k · S would be related to k · P )

The projections of �:

�
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�
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�
[�+�5](x, kT ) = g1L(x, k
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kT · ST

M
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Taking the transverse momentum integral of the above

�
[�+�5](x) =

Z
d2kT�

[�+�5](x, kT ) =

Z
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2
T )� = �g1(x) (13)
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Provided	that	the	integrals	are	convergent:

↵(µ) ⇡
↵(µ0)

[1� ↵(µ0) log(µ2/⇤2)]

What are the values of ↵(µ0) and ⇤
2

8. What are some comments on the QCD version of the calculation?
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Violation	of	LIRs

q Inclusion	of	Wilson	lines

q UV	divergent	integrals

Ø Taking	the	transverse	integrals	using	a	fixed	cut	off

Ø Using	𝑀𝑆 renormalization	scheme	for	the	PDFs

K.	Goeke,	A.	Metz,	P.	Pobylitsa,	and M.	Polyakov,	Phys.	Lett.	B	567,	27	(2003),	hep-ph/0302028.
A.	Accardi,	A.	Bacchetta,	W.	Melnitchouk,	and	M.	Schlegel,	JHEP	11,	093	(2009),	0907.2942.	

Aslan,	Gamberg,	Rogers,	in	prep.

↵(µ) ⇡
↵(µ0)

[1� ↵(µ0) log(µ2/⇤2)]

What are the values of ↵(µ0) and ⇤
2

8. What are some comments on the QCD version of the calculation?
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x-dependent 3 7
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Violation	of	LIRs:	Treatment	of	the	UV	divergent	integrals
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+ (a7 � xa8)

2k�P+
� xM2

M5

i

| {z }
�

d

dx

Z
d2kT dk

� k2T
M5

(a7 � xa8)
| {z }

(2)

Z
d2kT dk

�
⇣
a4

2

M3
� a8

k2T
M5

⌘

| {z }
gT (x)

=

Z
d2kT dk

�
h
a4

2

M3
+ (a7 � xa8)

2k�P+
� xM2

M5

i

| {z }
g1(x)

�
d

dx

Z
d2kT dk

� k2T
M5

(a7 � xa8)
| {z }

g(1)
1T

(3)

R
d2kT g1L

R
d2kT

k2T
2M2

g1T

a7 = a8 =
M6

k4
�+[(k � P )

2
�m2

s]

a4 = �
M4

k4
�+[(k � P )

2
�m2

s]

3

1- Using	a	cut	off	for	the	UV	divergent	integrals

Distributions Transverse integrals

Collinear PDFs MS

TMD PDFs Cut o↵

gT (x)| {z }
twist�3

pdf

= g1(x)| {z }
twist�2

pdf

+
d

dx
g(1)1T (x)| {z }
twist�2

tmd

gT (x)� g1(x)�
d

dx
g(1)1T (x)=0

Z
d2kT dk

�
⇣
a4

2
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� a8

k2T
M5

⌘

| {z }
=

Z
d2kT dk

�
h
a4

2

M3
+ (a7 � xa8)

2k�P+
� xM2

M5

i

| {z }
�

d

dx

Z
d2kT dk

� k2T
M5

(a7 � xa8)
| {z }

(2)

Z

0
d2kT

Z
dk�

⇣
a4

2

M3
� a8

k2T
M5

⌘

| {z }
gT (x)

�

Z

0
d2kT

Z
dk�

h
a4

2

M3
+ (a7 � xa8)

2k�P+
� xM2

M5

i

| {z }
g1(x)

�
d

dx

Z

0
d2kT

Z
dk�

k2T
M5

(a7 � xa8)

| {z }
g(1)
1T

= 0 (3)

R
d2kT g1L

R
d2kT

k2T
2M2

g1T

a7 = a8 =
M6

k4
�+[(k � P )

2
�m2

s]

a4 = �
M4

k4
�+[(k � P )

2
�m2

s]

3

?
𝜇𝜇 𝜇

Fixed	transverse	cutoff:	𝜇

Distributions Transverse integrals

Collinear PDFs MS

TMD PDFs Cut o↵

gT (x)| {z }
twist�3

pdf

= g1(x)| {z }
twist�2

pdf

+
d
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g(1)1T (x)| {z }
twist�2

tmd
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d
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Z
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⇣
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M5

⌘
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2
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+ (a7 � xa8)
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� xM2

M5

i

| {z }
�

d

dx
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⇣
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⌘
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g(1)
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= 0 (3)
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R
d2kT

k2T
2M2
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a7 = a8 =
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�+[(k � P )

2
�m2
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2
�m2
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3

?

X-dependent	transverse	cutoff:

𝑘#$𝑘#$𝑘#$
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M

Z
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�
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2
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�
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Z
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2P+(k2T + u)2
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2
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d
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2

Z
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� (x2 � 1)

2

d
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Z
d2kT
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(k2T + u)2

(21)

gT (x)� g1(x)�
d
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[m2

s � (1� x)2M2]

Z
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(k2T + u)2
+

(x2 � 1)

2

d

dx
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(22)

= � (x+ 1)

2
[m2

s � (1� x)2M2]
⇡k2T

u(k2T + u)
+

⇡(x2 � 1)

2

d

dx

h
ln(

k2T + u

u
)� k2T

(k2T + u)

i

= 0

where the cut o↵ is k2T = µ2(x� 1) + x(1� x)M2 � xm2
s.

2 LIR with x-independent cut o↵

gT (x) = �
Z

d2kT
(k2T + u)

� (x� 1)

2

Z
d2kT

k2T
(k2T + u)2

(23)

g1(x) = �
Z

d2kT
(k2T + u)

+
(x+ 1)

2

Z
d2kT

k2T
(k2T + u)2

+
(x+ 1)

2
[m2

s � (1� x)2M2]

Z
d2kT

(k2T + u)2
(24)

g(1)1T (x) = � (x2 � 1)

2

Z
d2kT

k2T
(k2T + u)2

(25)

d

dx
g(1)1T (x) = �2x

2

Z
d2kT

k2T
(k2T + u)2

+
(1� x2)

2

d

dx

Z
d2kT

k2T
(k2T + u)2

(26)

5
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Violation	of	LIRs:	Treatment	of	the	UV	divergent	integrals

↵(µ) ⇡
↵(µ0)

[1� ↵(µ0) log(µ2/⇤2)]

What are the values of ↵(µ0) and ⇤
2

8. What are some comments on the QCD version of the calculation?

2 Prensentation

No Wilson lines With Wilson lines

�(k, P, S) = a1
1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · · �(k, P, S, ⌫) = a1

1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · ·+b1M

S · ⌫

P · ⌫
/P�5 + b2M

S · ⌫

P · ⌫
/k�5 + · · ·

gT (x) = g1(x) +
d

dx
g(1)1T gT (x) = g1(x) +

d

dx
g(1)1T +ĝT (x)

The correlator

LIR

Transverse cut o↵ LIR DGLAP

Fixed 7 3

x-dependent 3 7

gT (x)| {z }
Fixed

cut�off

� g1(x)| {z }
Fixed

cut�off

�
d

dx
g(1)1T|{z}
Fixed

cut�off

µ!1
=

1 + x

2

2

Distrubutions Transverse integrals

Collinear PDFs MS

TMD PDFs Cut o↵

gT (x)| {z }
x�dependent

cut�off

� g1(x)| {z }
x�dependent

cut�off

�
d

dx
g(1)1T|{z}

x�dependent
cut�off

= 0

gT (x)| {z }
MS

� g1(x)| {z }
MS

�
d

dx
g(1)1T|{z}

x�dependent
cut�off

µ!1
= ⇡x ln(1� x)

3

→ LIR	is	satisfied

↵(µ) ⇡
↵(µ0)

[1� ↵(µ0) log(µ2/⇤2)]

What are the values of ↵(µ0) and ⇤
2

8. What are some comments on the QCD version of the calculation?

2 Prensentation

No Wilson lines With Wilson lines

�(k, P, S) = a1
1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · · �(k, P, S, ⌫) = a1

1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · ·+b1M

S · ⌫

P · ⌫
/P�5 + b2M

S · ⌫

P · ⌫
/k�5 + · · ·

gT (x) = g1(x) +
d

dx
g(1)1T gT (x) = g1(x) +

d

dx
g(1)1T +ĝT (x)

The correlator

LIR

Transverse cut o↵ LIR DGLAP

Fixed 7 3

x-dependent 3 7

gT (x)| {z }
Fixed

cut�off

� g1(x)| {z }
Fixed

cut�off

�
d

dx
g(1)1T|{z}
Fixed

cut�off

µ!1
= �⇡

(1 + x)

2

2

→ LIR	is	violated

1- Using	a	cut	off	for	the	UV	divergent	integrals
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Distributions Transverse integrals

Collinear PDFs MS

TMD PDFs Cut o↵

gT (x)| {z }
x�dependent

cut�off

� g1(x)| {z }
x�dependent

cut�off

�
d

dx
g(1)1T|{z}

x�dependent
cut�off

= 0

gT (x)| {z }
MS

� g1(x)| {z }
MS

�
d

dx
g(1)1T|{z}

x�dependent
cut�off

µ!1
= ⇡x ln(1� x)

3

Distributions Transverse integrals

Collinear PDFs MS

TMD PDFs Cut o↵

gT (x)| {z }
x�dependent

cut�off

� g1(x)| {z }
x�dependent

cut�off

�
d

dx
g(1)1T|{z}

x�dependent
cut�off

= 0

gT (x)| {z }
MS

� g1(x)| {z }
MS

�
d

dx
g(1)1T|{z}

x�dependent
cut�off

µ!1
= ⇡x ln(1� x)

3

Violation	of	LIRs:	Treatment	of	the	UV	divergent	integrals

2- Using	𝑀𝑆 renormalization	scheme	for	the	PDFs

John	C.	Collins,	What	exactly	is	a	parton density?	(2003)
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Violation	of	 LIRs	in	a	renormalizable theory:	Scalar	Yukawa	model

Yukawa	coupling

4 Example:Yukawa

4.1 gT

Parametrization of �i�5
matrix element (in [1] Eq.(35)) with the convention of S2

= �M2
(not S2

= �1),

�
[�i�5](x, kT ) =

Si
T

P+
g0T (x, k

2
T ) +

kiT
P+


�gTL (x, k

2
T ) + gTT (x, k

2
T )

(kT · ST )

M2

�
(37)

Figure 1:

�
[�j�5](x, kT ) =

g2

4M

Z
dk�

(2⇡)4
2⇡�+[(P � k)2 � �2

]

(k2 �m2)2
Tr

h
�5�

i
(k/+m)(P/+M)�5S/(k/+m)

i
(38)

= �
g2

M

Z
dk�

(2⇡)4
2⇡�+[(P � k)2 � �2

]

(k2 �m2)2

h⇣
2mk · P +m2M + k2M

⌘
Si
T � 2MkiT k · S

i

= �
g2

M

Z
dk�

(2⇡)4
2⇡�+[(P � k)2 � �2

]

(2k+k� � k2T �m2)2

h⇣
2mk+P�

+ 2mk�P+
+m2M + 2Mk+k� �Mk2T

⌘
Si
T � 2MkiT (kT · ST )

i

= �
g2

M

Z
dk�

(2⇡)4
2⇡�+[(P � k)2 � �2

]

(2xP+k� � k2T �m2)2

h⇣
(2P+k� +mM)(xM +m)�Mk2T

⌘
Si
T � 2MkiT (kT · ST )

i
,

Using

�[(P � k)2 � �2
] = �[2(P+

� k+)(P�
� k�)� k2T � �2

] =
1

2P+(1� x)
�
h
k� �

[M2
(1� x)� k2T � �2

]

2P+(1� x)

i
(39)

= �
g2

(2⇡)3
1

2MP+

1

(k2T + ⇤2
2)

2

n"
� (m+M)

h
k2T +

(xM +m)

m+M
(M(M +m)(x� 1) + �2

#
Si
T � 2M(1� x)kiT (kT · ST )

o
(40)

=
g2

(2⇡)3
1

2MP+

1

(k2T + ⇤2
2)

2

n
(m+M)(k2T + ⇤

2
1)S

i
T + 2M(1� x)kiT (kT · ST )

o

with ⇤
2
1 =

(xM +m)

m+M
(M(M +m)(x� 1) + �2

and ⇤
2
2 = �x(1� x)M2

+ (1� x)m2
+ x�2

.

9

1 2 3 4 5
Q

0.021

0.022

0.023

0.024

0.025

α
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Violation	of	 LIRs	in	a	renormalizable theory:	Scalar	Yukawa	model

1.Term

2.Term
1 2 3 4 5

Q

0.05

0.10

0.15

Yukawa	coupling

4 Example:Yukawa

4.1 gT

Parametrization of �i�5
matrix element (in [1] Eq.(35)) with the convention of S2

= �M2
(not S2

= �1),

�
[�i�5](x, kT ) =

Si
T

P+
g0T (x, k

2
T ) +

kiT
P+


�gTL (x, k

2
T ) + gTT (x, k

2
T )

(kT · ST )

M2

�
(37)

Figure 1:

�
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= �
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= �
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⌘
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i
,

Using

�[(P � k)2 � �2
] = �[2(P+
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] =
1

2P+(1� x)
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[M2
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]

2P+(1� x)

i
(39)

= �
g2

(2⇡)3
1

2MP+
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(k2T + ⇤2
2)

2
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� (m+M)
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k2T +

(xM +m)

m+M
(M(M +m)(x� 1) + �2

#
Si
T � 2M(1� x)kiT (kT · ST )
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(40)

=
g2

(2⇡)3
1

2MP+

1

(k2T + ⇤2
2)

2

n
(m+M)(k2T + ⇤

2
1)S

i
T + 2M(1� x)kiT (kT · ST )

o

with ⇤
2
1 =

(xM +m)

m+M
(M(M +m)(x� 1) + �2

and ⇤
2
2 = �x(1� x)M2
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Another	source	of	violation:	The	zero	modes	in	twist-3	distributions

= ≠
Twist-2	pdfs Twist-3	pdfs

Twist-2	PDF Is there	a	𝜹 𝒙 in	
Yukawa	model?

f1 No

g1 No

h1 No

Twist-3	PDF Is there	a	𝜹 𝒙 in	
Yukawa	model?

e Yes

hL Yes

gT Yes

Distributions Transverse integrals

Collinear PDFs MS

TMD PDFs Cut o↵

gT (x)| {z }
twist�3

pdf

= g1(x)| {z }
twist�2

pdf

+
d

dx
g(1)1T (x)| {z }
twist�2

tmd

3

Aslan, Burkardt,  
Singularities in Twist-3 Quark 
Distributions, 2018
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Summary	and	Conclusion
q The	LIRs	are	valid	when	the	transverse	integrals	are	convergent.

q Treatment	of	UV	divergent	integrals	leads	to	violation	of	LIRs	in	two	ways:

Ø Taking	the	transverse	integrals	using	a	fixed	cut	off

Ø Using	𝑀𝑆 renormalization	scheme	for	the	PDFs

↵(µ) ⇡
↵(µ0)

[1� ↵(µ0) log(µ2/⇤2)]

What are the values of ↵(µ0) and ⇤
2

8. What are some comments on the QCD version of the calculation?

2 Prensentation

No Wilson lines With Wilson lines

�(k, P, S) = a1
1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · · �(k, P, S, ⌫) = a1

1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · ·+b1M

S · ⌫

P · ⌫
/P�5 + b2M

S · ⌫

P · ⌫
/k�5 + · · ·

gT (x) = g1(x) +
d

dx
g(1)1T gT (x) = g1(x) +

d

dx
g(1)1T +ĝT (x)

The correlator

LIR

Transverse cut o↵ LIR DGLAP

Fixed 7 3

x-dependent 3 7

gT (x)| {z }
Fixed

cut�off

� g1(x)| {z }
Fixed

cut�off

�
d

dx
g(1)1T|{z}
Fixed

cut�off

µ!1
= �⇡

(1 + x)

2

2

Distributions Transverse integrals

Collinear PDFs MS

TMD PDFs Cut o↵

gT (x)| {z }
x�dependent

cut�off

� g1(x)| {z }
x�dependent

cut�off

�
d

dx
g(1)1T|{z}

x�dependent
cut�off

= 0

gT (x)| {z }
MS

� g1(x)| {z }
MS

�
d

dx
g(1)1T|{z}

x�dependent
cut�off

µ!1
= ⇡x ln(1� x)

3

Ø In	scalar	Yukawa	model	the	violation	of	LIRs	increase	
with	increasing	energies

↵(µ) ⇡
↵(µ0)

[1� ↵(µ0) log(µ2/⇤2)]

What are the values of ↵(µ0) and ⇤
2

8. What are some comments on the QCD version of the calculation?

2 Prensentation

No Wilson lines With Wilson lines

�(k, P, S) = a1
1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · · �(k, P, S, ⌫) = a1

1

M3
+ a2

/P

M4
+ a3

/k

M4
+ · · ·+b1M

S · ⌫

P · ⌫
/P�5 + b2M

S · ⌫

P · ⌫
/k�5 + · · ·

gT (x) = g1(x) +
d

dx
g(1)1T gT (x) = g1(x) +

d

dx
g(1)1T +ĝT (x)

The correlator

LIR

Transverse cut o↵ LIR DGLAP

Fixed 7 3

x-dependent 3 7

gT (x)| {z }
Fixed

cut�off

� g1(x)| {z }
Fixed

cut�off

�
d
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Ø Studying	the	treatments	which	lead	to	the	violation	of	LIRs	in	QCD
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3

Ø EoM relations	potentially	have	the	same	problems:					
Checking	how	the	treatment	of	UV	divergent	integrals	
affect	the	EoM relations

THANK	YOU

Ø Considering	which	UV	treatment	is	optimal,	given	the	problems	that	arise	when	using	standard	
renormalization	treatments	


