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Introduction Why the PDFs? Why on the Lattice?

How can we study hadron structure?

• Hadrons are complicated systems made of quarks, antiquarks, gluons (partons)

• Dynamics of partons encoded in e.g.:

Form factors Parton distribution
functions (PDFs)

Generalized parton
distribution functions (GPDs)

A. Scapellato (Adam Mickiewicz University) Nucleon PDFs and GPDs from lattice QCD July 23, 2020 5 / 38
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FIG. 2: Upper panels: The CT18 parton distribution functions at Q=2 GeV and Q=100 GeV for u, u, d, d, s = s,
and g. Lower panels: The analogous curves, but obtained for CT18Z. In all instances, the gluon PDF has been
scaled down as g(x,Q)/5. The charm distribution, c(x,Q), which is perturbatively generated by evolving from

Q0=1.3 and 1.4 GeV, respectively, in CT18 and CT18Z, is also shown.

2. Combined HERA I+II DIS data and the xB-dependent factorization scale

Even in the LHC era, DIS data from the ep collider HERA provide the dominant constraints on the CT18 PDFs.
This dominance is revealed by independently applying the ePump, PDFSense, and Lagrange Multiplier methods. CT18
implements the final (“combined”) data set from DIS at HERA Run-I and Run-II [29] that supersedes the HERA
Run-I only data set [30] used in CT14 [1]. A transitional PDF set, CT14HERAII, was released based on fitting the final
HERA data [31]. We found fair overall agreement of the HERA I+II data with both CT14 and CT14HERAII PDFs,
and that both PDF ensembles describe equally well the non-HERA data included in our global analysis. At the same
time, we observed some disagreement (“statistical tension”) between the e+p and e�p DIS cross sections of the HERA
I+II data set. We determined that, at the moment, no plausible explanation could be provided to describe the full
pattern of these tensions, as they are distributed across the whole accessible range of Bjorken x and lepton-proton
momentum transfer Q at HERA. Extending these studies using the CT18 fit, we have investigated the impact of the
choice of QCD scales on inclusive DIS data in the small-xB region, as will be explained later in Sec. II C.

We find that the quality of fit to HERA data is improved by about 50 units by evaluating the NNLO theoretical
cross sections in DIS with a special factorization scale, µF,x, that depends on Bjorken xB (not the momentum fraction
x) and is introduced in Section IIC. Fig. 3 (left) shows the changes in the candidate CT18 PDFs obtained by fitting
the DIS data sets with the factorization scale µF,x, as compared to the CT18 PDFs with the nominal scale µF = Q.
With the scale µF,x, we observe reduced u and d (anti-)quark PDFs and increased gluon and strangeness PDFs at
x < 10�2, as compared to the nominal CT18 fit, with some compensating changes occurring in the same PDFs in the

experimental status from
Hou et.al. arXiv: 1912.10053

Parton Distribution Functions: 
‣ -object: number density of “partons” with longitudinal momentum fraction  of nucleon’s momentum
‣ accessible in deep inelastic and semi-inclusive deep inelastic scattering  intricate procedure

‣ Still, good precision exists for unpolarized PDFs 

1d x
→

Important LHC applications 
‣ W-boson mass
‣ Strong coupling constant
‣ Higgs boson couplings and cross-sections (BSM physics)

Lattice Evaluation 
‣ PDFs:  “hot” topic
‣ first principles calculation
‣ unpolarized PDFs  benchmark quantity

‣ transversity PDFs: not well constrained
‣ GPDs and TMDs: more difficult to access

→

Gao et.al., arXiv: 1709.04922



Unpolarized PDF: non-local matrix element on the light-cone in Minkowski space

<latexit sha1_base64="FJ8sLWusYBA9S14q/L9CMSzijNI="></latexit>

q(x) =

Z 1

�1

d⇠�

4⇡
e�ixP+⇠�hN(P )| ̄(⇠�)�+W (⇠�, 0) (0)|N(P )i

Inaccessible on the lattice!

<latexit sha1_base64="QxkCXaXXpq/dgqIIFLlU2fXxLRI="></latexit>

v± =
v0 ± v3p

2
: light-cone coordinatesξ+, ξ−

x0

x3

ξ+ξ−

light-cone distances shrink to 
origin in Euclidean space-time

Methods for accessing -dependence on the lattice: 
‣ hadronic tensor
‣ auxiliary quarks
‣ quasi-distributions
‣ “good lattice cross sections”
‣ “OPE without OPE”
‣ pseudo-distributions

x
K.F. Liu et.al. arXiv: hep-ph/9306299

U. Aglietti et.al. arXiv: hep-ph/9806277, W. Detmold et al. arXiv: hep-lat/0507007,
V. Braun et. al. arXiv: 0709.1348

Y-Q. Ma and J. Qiu arXiv: 1404.6860, 1412.2688, 1709.03018

A.J. Chambers et.al. arXiv: 1703.01153

X. Ji arXiv: 1305.1539

A. Radyushkin arXiv: 1705.01488, 1612.05170, 1710.08813, 1711.06031, 1801.02427, 1912.04244

Reviews: K. Cichy, M. Constantinou arXiv: 1811.07248,
             M.Constantinou arXiv: 2010.02445

Steps towards -dependence within pseudo-PDF: 
‣ compute appropriate matrix elements
‣ resolve divergences, renormalization
‣ perturbative evolution  light-cone distribution

‣ Fourier Transform: reconstruct -dependence

x

→
x

pseudo-PDFs Matrix elements



Euclidean space

Lorentz decomposition
<latexit sha1_base64="E0sa7DU94HGbw6Z524UrPbuqsVc="></latexit>

M↵(P, z) = 2P↵M(⌫, z2) + 2z↵N (⌫, z2)

leading twist
+ 𝒪(z2Λ2

QCD)
higher twist

kinematics
<latexit sha1_base64="Z4rhREW/zCPOGmLgFgE6s62SfT8=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxCBQlJsbFdKAURXEawD2hDmEwn7dDJg5mJ0IZ+iRsXirj1U9z5N04fgoqey4XDOfcyd46fMCqkaX5ouZXVtfWN/GZha3tnt6jv7bdEnHJMmjhmMe/4SBBGI9KUVDLSSThBoc9I2x9dzfz2PeGCxtGdHCfEDdEgogHFSCrJ04sOvIDl61NTleNNTjy9ZBpW3a5XKtA0zDkUseu1atWG1lIpgSUcT3/v9WOchiSSmCEhupaZSDdDXFLMyLTQSwVJEB6hAekqGqGQCDebHz6Fx0rpwyDmqiMJ5+r3jQyFQoxDX02GSA7Fb28m/uV1UxnU3IxGSSpJhBcPBSmDMoazFGCfcoIlGyuCMKfqVoiHiCMsVVYFFcLXT+H/pFUxLNswb89KjctlHHlwCI5AGVjgHDTADXBAE2CQggfwBJ61ifaovWivi9Gcttw5AD+gvX0CW72Q9g==</latexit>

P = (E, 0, 0, Pz)
<latexit sha1_base64="o9teCzI1S8UPfzt52COtMK7Ui28=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxCBQlJtbFdKAU3LivYB7QhTKaTdujkwcxEaEO/xI0LRdz6Ke78GydtBRU9lwuHc+5l7hwvZlRI0/zQciura+sb+c3C1vbOblHf22+LKOGYtHDEIt71kCCMhqQlqWSkG3OCAo+Rjje+zvzOPeGCRuGdnMTECdAwpD7FSCrJ1YtTeAnL5mlWU/fsxNVLpmHV7XqlAk3DnEMRu16rVm1oLZUSWKLp6u/9QYSTgIQSMyREzzJj6aSIS4oZmRX6iSAxwmM0JD1FQxQQ4aTzw2fwWCkD6EdcdSjhXP2+kaJAiEngqckAyZH47WXiX14vkX7NSWkYJ5KEePGQnzAoI5ilAAeUEyzZRBGEOVW3QjxCHGGpsiqoEL5+Cv8n7Yph2YZ5e15qXC3jyINDcATKwAIXoAFuQBO0AAYJeABP4Fmbao/ai/a6GM1py50D8APa2ydRY5Du</latexit>

z = (0, 0, 0, z3)
<latexit sha1_base64="Vxs8AHWbh2U5ZSw+rgEQCy/P064=">AAAB8XicdVBNS8NAEN3Ur1q/qh69LBbBU0iKje1BKXjxWMF+YBvKZLttl242YXcjlNB/4cWDIl79N978N27bCCr6YODx3gwz84KYM6Ud58PKrayurW/kNwtb2zu7e8X9g5aKEklok0Q8kp0AFOVM0KZmmtNOLCmEAaftYHI199v3VCoWiVs9jakfwkiwISOgjXTXAx6PAV9gp18sObZb82rlMnZsZwFDvFq1UvGwmykllKHRL773BhFJQio04aBU13Vi7acgNSOczgq9RNEYyARGtGuogJAqP11cPMMnRhngYSRNCY0X6veJFEKlpmFgOkPQY/Xbm4t/ed1ED6t+ykScaCrIctEw4VhHeP4+HjBJieZTQ4BIZm7FZAwSiDYhFUwIX5/i/0mrbLue7dycleqXWRx5dISO0Sly0Tmqo2vUQE1EkEAP6Ak9W8p6tF6s12VrzspmDtEPWG+fkqmQMg==</latexit>

↵ = 0

vector current: unpolarized PDFs

<latexit sha1_base64="6W/Z/tWVyshbFjpuWYSsvssMUeM="></latexit>

M↵(P, z) ⌘ hN(P )| ̄(z)�↵W (z, 0) (0)|N(P )i

Wilson line boosted nucleon states

<latexit sha1_base64="zhH9sclxsIgEnWt4RQGNhATEj+I="></latexit>

M(⌫, z23) =

Z 1

�1
dxei⌫xP(x, z23) ) P(x, z23) =

1

2⇡

Z 1

�1
d⌫e�i⌫xM(⌫, z23)

pseudo-PDF

F.T.: Along constant  linez3

<latexit sha1_base64="4hHFANeHviVkkMWgywy+i0Pv3qI="></latexit>

q(x) = lim
z3!0

P(x, z23)

PDF

(ignoring divergences)

:  “Ioffe time”
<latexit sha1_base64="D8xd+izXgjmnEW04K1HgA1thkBc=">AAACAHicbVDLSgMxFM34rPVVdeHCTbAIroaZVlvdSMGNywr2AZ0yZNJMG5pJxiRTaEs3/oobF4q49TPc+Tem7YBaPXDhcM693HtPEDOqtON8WkvLK6tr65mN7ObW9s5ubm+/rkQiMalhwYRsBkgRRjmpaaoZacaSoChgpBH0r6d+Y0CkooLf6WFM2hHqchpSjLSR/NyhxxPokfuEDmDVH3m4IzQc+UU/l3fs83LhslSEju3M8E3clORBiqqf+/A6AicR4RozpFTLdWLdHiOpKWZkkvUSRWKE+6hLWoZyFBHVHs8emMATo3RgKKQpruFM/TkxRpFSwygwnRHSPbXoTcX/vFaiw4v2mPI40YTj+aIwYVALOE0DdqgkWLOhIQhLam6FuIckwtpkljUhuIsv/yX1gu2WbOf2LF+5SuPIgCNwDE6BC8qgAm5AFdQABhPwCJ7Bi/VgPVmv1tu8dclKZw7AL1jvXxahlhI=</latexit>

⌫ ⌘ Pz · z3
B. Ioffe, Phys.Lett. 30B, 123 (1969)

Ioffe-time distributions
<latexit sha1_base64="7/9HqRNqJrcweS2cOYDmvTJVjbE="></latexit>

M(⌫, z23) ⇠ hN(Pz)| ̄(z3)�0W (z3, 0) (0)|N(Pz)i

Lorentz invariant!
,  : Lorentz scalarsν z3

                features:
‣ standard log. divergence
‣ power divergence (Wilson line)
‣ mult. renormizable to all orders in PT

<latexit sha1_base64="BM6nsJQsx4bt4aKPHsCNCVauZq4="></latexit>

M(⌫, z23)

T. Ishikawa et.al. arXiv: 1609.02018
J. W. Chen et. al. arXiv: 1707.03107

pseudo-PDFs Matrix elements



Lattice evaluation Correlation functions: “Distillation” method

Smearing: Increase overlap of hadron interpolating fields with ground state

Distillation: Smearing operator  low-rank eigenvector representation→
<latexit sha1_base64="LNf1EkghLGCuYHBLsx67coqgZvY="></latexit>

⇤~x,~y(t) ⌘
NX

k=1

vk(~x, t)v
†
k(~y, t) = V (t)V †(t) , �r2vk = �kvk

<latexit sha1_base64="lLuBnZavVOmEY3iLkQOaidYwexs="></latexit>

qsm(~x, t) = ⇤~x,~y(t)q(~y, t)

<latexit sha1_base64="9y2zSXOQS1TTlL6Rj9X+owRfsRM="></latexit>

qsm(~x, t) = F [U(~x, t); ~y]q(~y, t)
<latexit sha1_base64="xsxw936ozM1SDXZUZkcyi5I/paY="></latexit>

XB(~x, t) = ✏abcS�1�2�3(D1q1)
a
�1
(~x, t)(D2q2)

b
�2
(~x, t)(D3q3)

c
�3
(~x, t)

perambulators:
<latexit sha1_base64="1Gh0B8X7KF3PjWMVVLalM+rUG+8="></latexit>

⌧(tf , t0) = V †(tf )M
�1(tf , t0)V (t0)

elementals:
<latexit sha1_base64="UFw9ad35MkYR2pmEArXZsenf5Dk="></latexit>

�i,j,k
�1�2�3

(t) = ✏abcS�1�2�3(D1vi(t))
a(D2vj(t))

b(D3vk(t))
c

gen. perambulators:
<latexit sha1_base64="4C5I9UwcIo+CCLLVGYm4Q4zed3E="></latexit>

⌧̃(tf , tins, t0) = V †(tf )M
�1(tf , tins)�(tins)M

�1(tins, t0)V (t0)

Pros: 
‣ factorization of correlation functions
‣ various spin structures without additional inversions
‣ mom. projection at sink and source
‣ reusability of building blocks

Cons: 
‣ extra step: compute eigenvectors of 
‣ big files/storage

∇2inversions:
<latexit sha1_base64="p5Omw89Ua4LwxSaq1yWeHjMqQ9g="></latexit>

S(i)
↵ (y; t0) = M�1(y; ~z, t)↵�vi(~z)���0�tt0 = M�1(y; ~z, t0)↵�0vi(~z)

<latexit sha1_base64="Ec16og68vhuG9SbHwaiiQEtK+LU="></latexit>

C2pt(tf , t0) =
X

~x,~y

hX (~x, tf )X̄ (~y, t0)i

t0
tf

t0
tf

tins

W(z3)

<latexit sha1_base64="Umwm2f9JJtZZfaCxTOYf7ULsBnQ="></latexit>

C3pt(tf , tins, t0;�) =
X

~x,~z,~y

hX (~x, tf ) [q̄�
0Wq](~z, t) X̄ (~y, t0)i

M. Peardon et. al. arXiv: 0905.2160

<latexit sha1_base64="HF5ZxH7U+Ine0XsBMepGzMSLNHI="></latexit>

�r2
~x,~y(t) = 6�~x~y �

3X

j=1

h
Uj(~x, t)�~x+ĵ,~y + U†

j (~x� ĵ, t)�~x�ĵ,~y

i
Standard techniques: Gauge-covariant, based on 3D lattice Laplacian

<latexit sha1_base64="RbJdi9FM93Q0Ih66kTr/LKalENI="></latexit>

F↵s,Ns =

✓
1 +

↵sr2

Ns

◆Ns



Lattice evaluation Simulation details

Lattice action / configurations: 
‣ Wilson-Clover fermion action, 
‣ lattice volume: 
‣
‣ , 
‣ , 

Nf = 2 + 1
323 × 64

β = 6.3 , a = 0.091 fm (a−1 = 2.16 GeV)
mπ = 0.350 GeV mN = 1.160 GeV
L = 2.9 fm mπL = 5.15

W&M / JLab

Parameters and statistics: 
‣ 350 gauge configurations
‣ 4 time sources 

‣ boost momentum 

‣ displacements 
‣ 5600 statistics 
‣ distillation vectors: 

‣ 6 

t0/a = [ti
0, + T/4, + T/2, + 3T/4]

Pz = 2π/L × [0, ± 1,…, ± 6] → 0…2.55 GeV
z3 = 0, ± 1a, …, ± 12a → 0…1.1 fm

Nev = 64
tsep ≡ (tf − t0) = [4a, 6a, …, 14a] → 0.4…1.3 fm

Runs performed at JLab computer clusters and at 
Frontera (TACC) using the Chroma software suite and 
in-house analysis packages

t0
tf

tins

W(z3)

<latexit sha1_base64="Umwm2f9JJtZZfaCxTOYf7ULsBnQ="></latexit>

C3pt(tf , tins, t0;�) =
X

~x,~z,~y

hX (~x, tf ) [q̄�
0Wq](~z, t) X̄ (~y, t0)i

Pz



Construct ratio:
<latexit sha1_base64="2ky8d8js9KtiZKQAZr1JfrTdLRE="></latexit>

R(Pz, z3; tsep, tins) =
C3pt(Pz, z3; tsep, tins)

C2pt(Pz, tsep)

tsep�tins�a��������!
tins�t0�a

M(⌫, z23)

Lattice evaluation Matrix elements: reaching the ground state

Two methods for ensuring ground state dominance 
i) Plateau method
ii) Summation method

Perform fits from which the matrix element
is extracted (ask for more!)

Choose summation method results as final
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<latexit sha1_base64="5+vVayv95XxZkryclb3iF5q9428="></latexit>

M(Pzz3, z
2
3)final value for

Valence quark distribution  Real part→



Cancel divergences - Renormalization

Divide                    with appropriate factor :
‣
‣ similar -dependence
‣ no -dependence ( )

‣ good choice:

D(z3)
D(0) = 1

z3
ν Pz = 0

<latexit sha1_base64="Dud1mLGib6nly/udWORn8I6yg9Y="></latexit>

D(z3) = M(0, z23)

<latexit sha1_base64="5+vVayv95XxZkryclb3iF5q9428="></latexit>

M(Pzz3, z
2
3)

K. Orginos et.al. arXiv: 1706.05373
J. Karpie et. al. arXiv: 1710.08288
J. Karpie et. al. arXiv: 1807.10933

reduced Ioffe-time Distribution

<latexit sha1_base64="ufDO2bwQ0PTVfOHwZZ1L74vdHXM="></latexit>

M(⌫, z23) =

✓
M(Pzz3, z23)

M(Pzz3, z23)|z3=0

◆
⇥
✓
M(Pzz3, z23)|Pz=0,z3=0

M(Pzz3, z23)|Pz=0

◆

<latexit sha1_base64="EarU8i0j3TGPacGrbQ6T+iUZP9o="></latexit>

M(⌫, z23) =
M(Pzz3, z23)

M(Pzz3, z23)|Pz=0

 renormalizationV0

<latexit sha1_base64="V3t2LdZcGXusZQxUs9iZAc9pXKo="></latexit>✓
ZV (Pz) =

1

M(Pzz3, z23)|z3=0

◆

‣ cancel mult. factor from gauge link renormalization
‣ higher-twist contaminations  partially suppressed𝒪(z2

3Λ2
QCD)

Lattice evaluation Ioffe-time Distributions
<latexit sha1_base64="x4YNioFrma8b5rW3tPEcqbq+dPo="></latexit>
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32c64-280 48c96-170
Lattice volume

Pion mass
Physical volume

max Pz

323 × 64 483 × 96
mπ = 280 MeV mπ = 170 MeV

L = 2.9 fm L = 4.4 fm
2π/L × 3 2π/L × 3

<latexit sha1_base64="ufDO2bwQ0PTVfOHwZZ1L74vdHXM="></latexit>

M(⌫, z23) =

✓
M(Pzz3, z23)

M(Pzz3, z23)|z3=0

◆
⇥
✓
M(Pzz3, z23)|Pz=0,z3=0

M(Pzz3, z23)|Pz=0

◆

Lattice evaluation Ioffe-time Distributions

Two more ensembles on the way
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32c64-350 32c64-280 48c96-170-all

PRELIMINARY

<latexit sha1_base64="x4YNioFrma8b5rW3tPEcqbq+dPo="></latexit>
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evolve to common scale 1/z0

convert to  schemeMS

light-cone ITD
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‣ treat each  independently
‣ need                      polynomial parametrization w.r.t. 
‣ evolution/matching processes separately or combined can 

give rise to different systematics
‣ residual discrepancies: evolution fails? higher twist effects? 
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ν
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Lattice evaluation Perturbative evolution: Light-cone ITDs
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valence quark distribution:

A. Radyushkin arXiv: 1705.01488

Full picture PDF -dependencex
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 Inverse problem!  Way around: 
‣ choose a physically meaningful functional form for 
‣ introduce model bias in determination

‣ general form:

i) fit for 
ii) fit for 

q(x, μ2)

z3 ≤ 8
z3 ≤ 12 : beta-functionB(i, j)
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Summary & Outlook

‣ Lattice QCD via pseudo-PDF framework: in good position to give reliable insight on nucleon PDFs
‣ Distillation: valuable alternative to standard smearing techniques
‣ controllable statistical uncertainties, excited state effects

‣ Some stretch between lattice and phenomenological -dependence exists:
‣ lattice artifacts  finite volume and lattice spacing, non-physical simulations
‣ parametrization of PDFs  be systematic: try model-independent approaches, compare with other lattice evaluations

On the horizon: 
‣ finalize results from other ensembles  study volume, pion mass effects
‣ analyze ensembles with smaller lattice spacing  continuum extrapolation
‣ helicity, transversity distributions & GPDs on the way!
‣ coming soon: disconnected diagrams

x
→

→

→
→



Bonus!



(Bonus!) Lattice evaluation Matrix elements: reaching the ground state
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‣ for each  , perform constant fits for multiple ranges
‣ decrease each fit range by one point on each side
‣ best fit: longest for which 

tsep

χ2 ≤ 0.9

i) Plateau method

Construct ratio:
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ii) Summation method
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(Bonus!) Lattice evaluation Matrix elements: reaching the ground state
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(Bonus!) Lattice evaluation Matrix elements: select data
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(Bonus!) Lattice evaluation Ioffe-time Distributions (Imag)

Two more ensembles on the way



light-cone ITD
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