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Background

X. Ji, Phys. Rev. Lett. 110, 262002 (2013)
Large Momentum Effective Theory (LaMET) proposes a way to get parton distribution
function (PDF) from lattice data:

Quasi-Light-Front correlator
calculated on lattice:

M = <H|0F(Z)|H>large PZ PDF
where Or(z) = Renormalization

Y(0)I'U(0,z)y(z) is quasi-PDF Fourier Transform

operator (I is some gamma Matching

structure and U (0, z) is a Wilson
link), [H)iqrge pz is @ hadron state

in a large momentum frame.

Self-Energy Ji, Zhang, Zhao,
«— o Phys.Rev.Lett. 120 (2018) 11, 112001

Gy -
Lp py ~_mCer ) M(z,2) = Exp |- 7| f(z,2)

2 a

linear divergence We must get rid of this linear

a is lattice spacing divergence factor!
J.-W. Chen, X. Ji, and J.-H. Zhang, 5

Nucl. Phys. B915, 1 (2017)
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» 2. Self-renormalization procedure

e 3. Different matrix elements

RI/MOM factor %mTr[yt(q|0yt(Z)|CI>]

p%=—pf,p;=pt=0

Zero-momentum hadron matrix element <H|0yt(z)|H>ﬁ_0

0,:(2) = P(O)y*U(0, )P(2)



1. Test of linear divergence
e.g. for RI/MOM factor:

In[M(z, a)]

e(z) (Gev1)
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, where 0,:(z) = ¥(0)y*U(0, 2)y(2)

2

P*=—URPz=DPt=0

Stepl: for any given z, use
e(z)
+9(2)
aln(aAQCD)

to fit dependence on a to find e(z)

(e(z) and g(z) are treated as fit parameters)
(This fitting function is based on the

perturbative renormalization theory in
Ji, Zhang, Zhao,
Phys.Rev.Lett. 120 (2018) 11, 112001)

In[M(z,a)] =

Step2: Plot e(z) as a function of z

It shows that e(z) has linear
dependence on z



2. Self-renormalization procedure

In(M) = + g(2)

aln(aAQCD) \
Linear divergence, Iarge Residual, small
Modify
M is a matrix element
In(M)
kz 1 SMILC  3C In[1/(aA d

_ 9@ _I_{f (2)a F [ [1/(adgcp)] £In[1 + ]
aln(aAQCD) fz(z)a, RBC bO ln[M/AQCD] ln(aAQCD)

o 7

I(_jl.near Residual Discretization Resummation of
lvergence error Log divergence >



Stepl: For each z (z can be chosen in a large range),
extract g(z) by fitting the a dependence:

In(M)
k 3C In[1/(aA d
= - +9(2) {fl(z)a, MILC L n [ n[1/(a QCD)]] + In[1 + ]
aln(aAQCD) fz (Z)a; RBC bO ln[u//lQCD] ln(aAQCD)
l Fixed parameters:
. k= 7.4 GeV~1fm~1(for hypO0),
Step?2: Fit the mO: A3s=0.3 GeV, it = 2 GeV
_ N Fitted parameters: k (for hyp1),
g(z) —In(Zzs) =m0 z o Agco, 8(2), F1(2), £2(z), mO:
Zirs(z,u, Aar5)=1 + aS(“’?F)CF E InE Z: " 4 g], Fine-tuning parameter: d
for small z (a <2< 0.24 fm)
Step3: mO z subtraction (The result Residual

works in a large range csz):/// intrinsic physics

Explg(z) — mO0 z]



e.g. To self-renormalize a zero-momentum nucleon state

quasi-light-front correlator: M(za) = (N0, (2)|N),_,

Stepl: For each z (z can be chosen in a large range),
extract g(z) by fitting the a dependence:

(Xz)z - [(Xz)z]min

In(M)
kz 1(z)a, MILC
aln(aAOCD) fz (Z)a; RBC
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Agcp = 0.0926 GeV i = 2 GeV

L

1/a (GeV)

JlnM_new = \/(UlnM_old)z + (6sys a .u)z
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—— 2=0.60fm, y/d.0.f. =1.29
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Step?2: Fit the mO:

9d(z) —In(Zzz) =m0 z

ZM_S(ZJ U, AM_S)= 1+

222 e2VE

s (W Aws)Cr Fln + E] for
27 2 2l

small z (0.06fm <z < 0.24 fm)
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Step3: mO z subtraction
(The result works in a

large range of z):
Exp[g(z) — mO0 z]

Residual intrinsic physics

clover_Nucleon

T

— Zys: Nus = 0.3 GeV, u= 2GeV
I Explg(2) — moz]: bsys = 0.002, Nqcp = 0.0926 GeV,
d = -0.97, mg =-0.257(20) fm™!
—— Explg(2) — moz]/Zius
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Test of Self-renormalization method

Renormalization factor:

Z(z,a)p
- kz f1(z)a,MILC _ 3Cp ln[l/(a/lQCD)]] d }
- bx {aln(a/lQCD) Tz + { f2(2)a, RBC T 0 ln[ In[p/Agep] +inl1 +ln(a/1QCD)]
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3. Different matrix elements

Linear divergence parameters k and Agcp

M = (State|0yt (2) |StClt€>P

Z=0
kz f1(z)a, MILC
InM=———+g(2) +
aln(adycp) 92) {fZ(Z)a, RBC
hypO (Unsmearing) hyp1 (one-step of HYP smearing)
Cases k' Aqcp(GeV) d mo(GeV) Cases k Aqep (GeV)

overlap quark [1.46  0.109(02) -1.29 0.0462(16) overlap quark [0.5521(07) 0.39
clover quark [1.46 0.135(02) -1.35 0.1513(16) clover quark [0.6328(05) 0.39
overlap pion [1.46 0.093(10) -1.17 -0.0357(46) overlap pion |0.5191(14) 0.39
clover pion [1.46 0.086(14) -0.92 -0.0715(50) clover pion [0.5178(18) 0.39
clover nucleon|1.46 0.093(06) -0.97 -0.0508(40) clover nucleon [0.5139(54) 0.39

Valence  External state
fermion  (quark means
action RI/MOM factor)

Linear divergences for hadron matrix elements
are similar to each other.

Linear divergences for RI/MOM factors are
different from those of hadron matrix elements.
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Residual intrinsic physics
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Large extra non-perturbative effect at large
distance in RI/MOM and Ratio scheme, which
supports Hybrid renormalization method

X. Ji, Y. Liu, A. Schafer, W. Wang, Y.-B. Yang, J.-H.
Zhang, and Y. Zhao, (2020), arXiv:2008.03886
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Residual intrinsic physics
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Clover and overlap valence fermion actions 5
lead to similar residual intrinsic physics



Residual intrinsic physics
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HYP smearing does not change
residual intrinsic physics




Conclusion

1. We propose the self-renormalization method. It works well
in disentangling the renormalization factor (containing linear

divergence, log divergence, discretization effect, renormalon

effect) from residual intrinsic physics;

2. Linear divergences for RI/MOM factors are different from
those of hadron matrix elements;

3. Large non-perturbative effect at large distance in RI/MOM
and Ratio scheme;

4. Clover and overlap, hyp0O and hyp1 lead to similar residual
intrinsic physics.
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Appendix



A. Explanation of each term in the
fitting function



For each z (z can be chosen in a large range),
extract g(z) by fitting the a dependence:

d

n(2) = ln(a/lQCD)

f1(z)a, MILC  3Cp [ln[l/ (adgep)] !

z
aln(adycp) t9@)+ { f2(2)a,RBC b0 In[u/Agcp] ] +Inf1+

g(z) is a fitted parameter for each z

Fit the mO:
g(z) —In(Zzz) =m0 z

Zws(z, 1, Apgs)=1 +
forsmall z(a<z<0.2 fm)

C(S([J,,AM—S)CF [E In uzzzeZYE n 5]
’

2T 2 4 2

mO0 z subtraction:

) — o Our final result,
g\z) —mu 2z -

the physical résult



Agcp as a fitted parameter

We only consider leading order term, but there should be higher order terms, and
the higher order terms may be different for different actions and ensembles.

fl(z2)a,MILC  3Cp ln[l/(aAQCD)]
+9(2) + { f2(z)a,RBC b0 n[ ln[u//lQCD]

4
ln(aAQCD)]

In(Z) =

+ In[1 +
aln(a/lQCD) ] nl

Choose a proper Ay¢cp, we can use the leading order term to represent the results up to
higher order corrections:

as(Q, Agep) ~ as(Q,A) + c1 * as(Q, A)? + c2 * as(Q, 4)3 ...

G.Peter Lepage (Cornell U., LNS), Paul B. Mackenzie (Fermilab), On the viability
of lattice perturbation theory, DOI: 10.1103/PhysRevD.48.2250)

Let the data help us choose the Ay¢p!

19


https://inspirehep.net/authors/1000548
https://inspirehep.net/institutions/902755
https://inspirehep.net/authors/999360
https://inspirehep.net/institutions/902796
https://inspirehep.net/literature/340594
https://doi.org/10.1103/PhysRevD.48.2250

Renormalon Uncertainty
Fit the matrix element with the formula:
f1(z)a, MILC  3Cp  [In[1/(adgcp)]
{fZ(z)a, RBC ~ b0 n[ In|u/Agco]
Chisgmap with respect to k and Ay¢p:

_4
ln(a/lQCD)

In(z) = ] + In[1 +

clover Pion
- 4.95
0.24 e
3.85
0.20
3 0.16 275 8
o d=-1.0 T2
2 ™~
':g:‘, 0.12 EIEUE
7z=0.18~0.961fm 1.65
0.08 -
1.10
0.04 0.35
— 0.00

6.0 7.5 9.0 10.5
k (GeV~1fm~1)
20

g(z), f1(z), f2(z) fitted for each set of {k, Aycp}



Explg(z)]

Choose some sets of parameters on the small chisq band

clover_Pion
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0.50 0.75

z (fm)

0.25

k =7.4GeV~fm™1, Agcp = 0.09GeV,

t u=2GeV, d=-0.931
k = 7.4GeV~fm!, Aocp = 0.11GeV,
U =2GeV, d = -0.845
k = 7.4GeV~fm~!, Aocp = 0.08GeV,
t U =2GeV,d=-0.98
k = 6.6GeV~1fm™!, = 0.184GeV,
_ o cD
t u=2GeV,d=-0.6
| k = 9GeV-1fm™1, Agep = 0.03GeV,

u=2GeV,d=-142

1.00

Explg(z) - moz]

1.50

=
N
(&)

=
o
o

o
~
un

o
un
o

0.251

clover Pion

_I_

0.50 0.75 1.00

Z (fm)

0.25

k = 7.4GeV-fm=1, Aocp = 0.09GeV, d = -0.931,
Nus = 0.3GeV, u =2GeV, m0 = -0.3423(95) fm~!
k = 7.4GeV-Yfm™1, Aocp = 0.11GeV, d = -0.845,
Nus = 0.3GeV, u =2GeV, m0 = 0.1438(95) fm~!
k = 7.4GeV-1fm=1, Aocp = 0.08GeV, d = -0.98,
Mus = 0.3GeV, u =2GeV, m0 = -0.6067(95) fm~!
k = 6.6GeV-1fm™1, Aocp = 0.184GeV, d = -0.6,
Mus = 0.3GeV, u =2GeV, m0 = 0.4243(95) fm~!
k = 9GeV-1fm~1, Agep = 0.03GeV, d = -1.42,1
Nus = 0.3GeV, u =2GeV, m0 = -0.7795(95) fm !




In(Z) = f1(z)a, MILC = 3Cg [ln[l/(a/lQCD)] d

z
aln(adgcp) t9@+ { f2(z)a,RBC b0 in|u/Agep) ln(aAQCD)]

In our data range (lattice spacing range), varying k and Ay¢p along the small chisq band just

]+ln[1+

translates by a constant:

aln(aAgcp)

— k=9GeV'"fm™", Agep = 0.03 GeV
k =7.8 GeV-"fm™", Aqep = 0.066 GeV
k=7.6 GeV-"fm™", Agcp = 0.076 GeV
k =7.4 GeV-"fm™", Agep = 0.09 GeV

| —k=6.8GeV'fm™", Aggp = 0.15 GeV

1 _k=6.66GeV"fm™", Agep = 0.184 GeV

1/a (GeV)

1 —k=74GeV'fm™", Agcp = 0.1005 GeV
k=7.4GeV 'fm™", Agep = 0.094 GeV
| —k=7.4GeV'fm™, Agep = 0.087 GeV

2 3 4 5 6 23
1/a (GeV)



kz f1(z)a,MILC  3Cp [ln[l/(a/lQCD)]] d
In(Z) = + + l +In[l + ——
n( ) aln(aAQCD) g(Z) { fZ(Z)a, RBC b0 " ln[‘u/AQCD] n[ ln(aAQCD)]
varying k and Agcp along
the small chisq band We cannot determine k
and Agcp from our data.
But the uncertainty of k
and Agcp doesn’t
In our data range influence the physical
kz ) kz * It
aln(aAgcp) > aln(aAgcp) K resu
We can fix k at the one-loop
perturbative value with nf=3:
g(2) > g(2) - C*z L (2P’ 1
3 (11 _ % . nf) 0.1973269631 GeV fm
=7.4GeV 1fm™1
Ji, Zhang, Zhao,
The physica] result Phys.Rev.Lett. 120 (2018) 11, 112001
Exp(g(z) —m0 2) Then choose Ay ¢p as the

will not change best fitted value

24



Resummation of the logarithmic divergence term

kz f].(Z)a, MILC 3CF lln[l/(aAQCD)] d
Z) = — In[1+ —/——
ln( ) aln(ClAQCD) + g(Z) + { f2 (Z)Cl, RBC bo ln[,Ll/AQCD] + n[ + ln(aAQCD)]
logarithmic divergence term from wavefunction and vertex renormalizations
at one-loop order: Ji, X., Liu, Y.-S., Liu, Y, Zhang,
3Cra, 1 J.-H., and Zhao, Y.,.”Large-
Zyz,=1+ Momentum Effective Theory”,

2 4-d arXiv:2004.03543v1, 2020.

Solve the renormalization group equation to get the QCD rescaling factor:
dZQ 3 CF aS(QI AQCD)

= Z = —
ain(Q) YZg,Wherey .
U
ln[l/(a/lQCD)] 3CF
1/a = b0 Zﬂ
ln[H/AQCD]

we can fix u =2 GeV 25


https://arxiv.org/abs/2004.03543v1

Resummation of the logarithmic divergence term to
higher order

a4
ln(aAQCD)

In(z) = kz +9(2) + {fl(z)a, MILC 3CF In lln[l/(aAQCD)] |

aln(adgcp) f2(z)a,RBC b0 In[u/Agcp] ] +Inf1 +

Solve the renormalization group equation to get the QCD rescaling factor:
dZg 3 Cr as(Q,Aqcp)

i YZg, Wherey = - + c2*a5(Q, Agcep)?
U
In[1/(aA 3Cp d
L VA ) 12,
ln[,u//lQCD] ln(a/lQCD)

d is related to the actions and ensembles. Xiangdong Ji, M.J. Musolf,

Sub-leading logarithmic
mass-dependence in
heavy-meson form-factors,
Physics Letters B, %o/ume
257, Issues 3—4, 1991

However, we will treat d as a fine-tuning parameter.



In( bare matrix element with gamma_t )

In( bare matrix element with gamma_t )

—10 1

—10 1

clover quark

k=7.4 GeV~fm™! &.,.= 0.0

Noco= 0.118 GeV =2 GeV

1.5 3.0 4.5
1/a (GeV)

3Cr In(1fiahgco))
m[ In(uffgep)

In(1fiafgen))
In(ufigen)

k za Inia J'\OCD}

k za in (a Moco)

+g(2) + 5 1+/n(l+ —7—) +l(z)a for MILC

Inia !\ch}

+9(2) + 3= inl 1+/n(1+—% ) +2(z)a for RBC

Inia !\ch}

clover quark

k= 7.4 GeV=fm=1 6= 0.0
Nocp= 0.118 GeV u= 2 GeV

1.5 3.0 4.5
1l/a (GeV)

In(1afgco))
In(uifgeo)
In(1afgco))
In(ufifgeo)

kz +g(2) + 31N

1
alniafgcr)

1
k za IGIEY =

1+/n(l+ —5—) +fl(z)a for MILC

Inla AQCD}

+g(2) + 31N 1+/n(1+ -9 ) +f2(z)a for RBC

Inla Aocg}

z=0.06fm, chi2/dof=1371.45
z=0.12fm, chi2/dof=2136.25
z=0.18fm, chi2/dof=472.77
z=0.24fm, chi2/dof=271.85
z=0.3fm, chi2/dof=147.94
z=0.36fm, chi2/dof=189.85
z=0.42fm, chi2/dof=234.37
z=0.48fm, chi2/dof=181.64
z=0.54fm, chi2/dof=182.43
z=0.6fm, chi2/dof=163.48
z=0.66fm, chi2/dof=102.35
z=0.72fm, chi2/dof=55.16
z=0.78fm, chi2/dof=29.39
z=0.84fm, chi2/dof=13.76
z=0.9fm, chi2/dof=6.72
z=0.96fm, chi2/dof=3.1

z=0.06fm, chi2/dof=2321.65
z=0.12fm, chi2/dof=3652.62
z=0.18fm, chi2/dof=659.97
z=0.24fm, chi2/dof=543.92
z=0.3fm, chi2/dof=62.3
z=0.36fm, chi2/dof=83.78
z=0.42fm, chi2/dof=127.83
z=0.48fm, chi2/dof=115.41
z=0.54fm, chi2/dof=128.47
z=0.6fm, chi2/dof=123.68
z=0.66fm, chi2/dof=80.97
z=0.72fm, chi2/dof=44.5
z=0.78fm, chi2/dof=24.26
z=0.84fm, chi2/dof=11.45
z=0.9fm, chi2/dof=5.66
z=0.96fm, chi2/dof=2.66

clover_quark

0.904

0.751

0.60

0.45

0.30

0.151

—— linear fitting, my = 0.4490(15) fm~!
¥ 9(2) —In[Zus(u, Aus)], Aws = 0.3GeV, u=2 GeV

o
I
o

Tune d to make g(z)

0.40
Z (fm)

— ln(Zm) X Z
clover_quark

0.90

0.751

0.60

0.45

0.301

0.151

— linear fitting, my = 0.4687(15) fm™?
¥ g9(z) —InlZus(u, Aus)], Aws = 0.3GeV, u=2 GeV

d=-1.185
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After mO z subtraction, the results from lattice and the results from
continuum perturbation theory can match in the region wherea<z <

0.2 fm.
clover_quark

1.8
1.5
1.2
0.9
0.6

_— ZMSbar: ﬂ""l.mg = ﬂ.3GE}V, H= 2GeV

Explg(z) - mgz]: k = 7.4GeV~fm™1, Agcp = 0.118GeV,

0.31 + 4_.-0.0,d=-1.185 m0 = 0.4687(15) fm"

—+— Explg(z) - mozl/Zmspar
0.0 : : : .

0.00 0.25 0.50 0.75 1.00

Z (fm)

Large differences between perturbative and non-
perturbative RI/MOM factors at large z



B. Different Fitting functions



kz
= — Not accurate enough

+g(z)+{f1(z)a,MILC /

In(Z) = aln(al) f2(z)a, RBC :
Our current function
1 MILC 3Cr [In[1/(as d
In(z) = +9(@) + {f (2)a, MILC | 3¢k n[ 1/( QCD)]] +1In[1 + ———]
aln(adgycp) f2(z)a,RBC b0 ln[M/AQCD] In(adqcp)
In(2) = ¥ _ 1o ln( : )as(l +Aas) +g(z) + fl(z)a, MILC —  Same
aln(al) a2\ f2(z)a,RBC physical
. . A(Da MILC results as our
Z as Z)a
_ ’ current one
In(Z) aln(aA) b0 In <a2A2) 1—Aas t9(2)+ { f2(z)a,RBC
(
k 3C In[1/(aA d
© 4 2 n[ [1/( QCDl)]‘ +In[1 + 1+ f1(2)a, MILC
In(Z) = g(z) + < aln(aAQCDl) b0 ln[H/AQcm] ln(aAQCD4)
g kz 3Cx  [In[1/(adgeps)]
+ 55 +In[1 + 1+ f2(z)a,RBC
| ain(adgcp2) In|p/ Agepe] In(adqocp2)

Y 1 F11(2)a + f12(2)a?, MILC
In(Z) = Tham PO (aZAZ) as(1+Aas) +g(z) + {fZl(z)a + f22(2)a2, RBC — Unstable
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Exp[g(z) - moz]

overlap quark

1.50
1.25-
1.00-
0.75
T Osys= 0.002, Agep = 0.108GeV, Our current function
0.50 d=-1.102, my = 0.264(18) fm !
DU T eys= 0.002, Agcp = 0.108GeV, A = 2 > . .
d=-1.102, my = 0.416(18) fm~! - Ft.Jnctlons with
Beys= 0.002, Agcp = 0.108GeV, A = 1.6 | higher order
- v
0.25; =.1.102, myp = 0.465(18) fm~? terms
} 555,-5: 0.002, ﬂGCD]- = (0.1045GeV, ﬂgcnz = (0.101GeV
d=-1.125 mg = 0.150(18) fm™!
0.0 - v - v
8.00 0.25 0.50 0.75 1.00

z (fm)
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C. Discretization Effect



5 1.8
2
l_I
¥ 15]
[m]
UI
®1.2-
=}
N
-~ ]
= 0.9
(@]
2
0.6
0 77—~ a=0.1213 fm, 1/a = 1.63GeV
g a=0.0574 fm, 1/a = 3.44GeV
o 03] - a=0.0318fm, 1/a = 6.21GeV
= —— The fitted Exp[g(z) - m0 z]
0. : : — :
8.00 0.25 0.50 0.75 1.00
Z (fm)
Zriota) = EXPIK Zgpdn—s + %n[%] +In(1 + ) + m0 Z]

5
a 1.8
Q'
©
= 1.5
>
DI
®1.21
<)
N
- i
= 0.9
o]
h_-l
808 1 L _01213fm, 1/a = 1.63Gev
§ a = 0.0882 fm, 1/a = 2.24GeV
© 03] - a=0.0574fm, 1/a = 3.44GeV
s —— The fitted Exp[g(z) - m0 z]
0. : : : :
8.00 0.25 0.50 0.75 1.00
Z (fm)
Zriota) = EXPIK Zgpdn—s + %n[%] +In(1 + ) + m0 Z]
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o
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> | 1= a=0.1213fm, 1/a = 1.63GeV
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D. Dummy Systematic Errors



2.0

1.5/

1.0

Explg(z) — moz]

0.5

overlap_quark

T Osys = 0.0, Aqep = 0.09820(50) GeV,
d =-1.193, mp = 0.0112(13) fm~1

¥ Bsys = 0.002, Agcp = 0.1086(17) GeV,
d =-1.29, mg = 0.2339(81) fm~!

T Osys = 0.005, Agcp = 0.1123(31) GeV,
d =-1.29, mp = 0.343(20) fm~1

0.%‘

0.6 0.8 1.0

Z (fm)

0 0.2 0.4

1.2

2.0

1.5/

1.0/

Explg(z) — moz]

0.5

overlap_Pion

F Osys= 0.0, Agcp = 0.0915(51) GeV,
d=-1.11, mg = -0.2128(39) fm!

F Gsys= 0.001, Agcp = 0.0913(76) GeV,
d =-1.16, mg = -0.226(13) fm™!

T Osys= 0.002, Agcp = 0.093(10) GeV,
d=-1.17, mg = -0.181(24) fm!

0.%

0.4 0.6 0.8 1.0

z (fm)

0 0.2

1.2

2.0

clover_quark

1.51
N
o
S
|
~ 1.0+
5
o
X - Osys = 0.0, Aqcp = 0.11800(60) GeV, B ;
d=-1.184, my = 0.4687(15) fm™1
0.5 1 Bsys = 0.002, Aqco = 0.1350(21) Ge,
d=-1.35 my=0.7667(83) fm~!
1 8sys = 0.005, Aqco = 0.1437(38) GeV,
d = -1.35, mo = 0.978(20) fm~?
0. - - - - :
%.0 0.2 0.4 0.6 0.8 1.0 1.2
z (fm)
2.0 clover _Pion
1.51
N
o
S
|
N 1.0
RS
g f— Osys = 0.0, Aqco = 0.086(12) GeV,
w d =-0.95, my = -0.4461(95) fm!
0.51 1 Oss = 0.001, Aqcp = 0.086(12) GeV,
d =-0.92, mg = -0.373(17) fm™*
. Osys = 0.002, Agco = 0.086(14) GeV,
d =-0.92, mg = -0.363(25) fm ™
0. T T T T T
%.0 0.2 0.4 0.6 0.8 BD 1.2
z (fm)



E. Some vacuum matrix elements



Analysis of Wilson Loop, Wilson
Link, VEV

a=0. 1213fm
AP eresen, a=0, 0882fm
LRI a=0. 0674fm
Lol +v- R . i;i a=0. 0425fm
ea . Xy a=0. 0318fm
- b 3
1.0F & i I
b Ii
0.8 {{
. i i{
0.6 F i
0.4} Ifﬂ H
0.2 F
00 1 Il 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
z (fm)

the linear divergence part of Wilson Loop.

L2

= a-0.1213fm
Lgk| = @0.0882fm
+  a=0.0574fm
ek a=0. 0425fm
a=0. 0318fm
L7k }
L6 i } }
L5 1 [ ]
o SERPEEE N b
L3 . y OF ¥
Bl - -
L2fF R
Lif oo
1.0 * 1 1 1 1 1
0.0 0.2 0.4 0.6 0.8 1.0
z (fm)

Effective Decay Rate(GeV)
IS

= 1 (oft—a))
¥ a=0.12fm, 3109(=Gm)

T 2=0.09fm, leg(Fom)

{arny

a=0.06fm, %Iug(%)

a=0.045fm, llog(‘F5)

- (o4t - a)
T a=0.034fm, élug(ﬁmﬁr)

0.4 0.6 0.8 1.0 1.2
Length t of Wilson Line (fm)

. O. t—a -
FIG. 7. The effective decay rate of Landau gauge fixed Wilson FIG. 4. Effective decay rate %103'(776(% )) of the O, VEV.
FIG. 6. The pion quasi-PDF matrix element renormalized by link (upper panel), and pion matrix element renormalized by The gaps between the results at different lattice spacings de-

the Wilson link.

creases on t.
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e(z) f1(z)a, MILC

(M) = aln(adgcp) T9@)+ { f2(z)a, RBC

Step1l: for any given z, fit dependence on a to find e(z)
step2: Plot e(z) as a function of z.

step3: Compare the slopes of e(z) between different matrix
elements.
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In( bare Oy,(z) matrix element)

0.0

—0.81

_1_6 ]

_2_4 d

—4.0/

-4.81

clover_Pion_hypl

e(2)gmaagy + 92 +
Nocp = 0.39GeV
15 3.0 4.5 6.0
1/a (GeV)

z=0.18fm
z=0.24fm
z=0.3fm

z=0.36fm
z=0.42fm
z=0.48fm
z=0.54fm
z=0.6fm

z=0.66fm
z=0.72fm
z=0.78fm
z=0.84fm
z=0.9fm

z=0.96fm

2.4

N
(=}

e(z) (Gev™1)

0.8 1

0.4

clover_Pion_hypl

=
(o))

=
N

linear fitting,
k=slope=2.640(10)GeV—1fm~1

¢ data

0.2 0.4 0.6 0.8
z (fm)
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Wilson_Loop_hypl

0.0
—2.5
=5.0
=
= -75
£
—=10.0
elr,t)=—2— +g(r,t) +fir,t)a
—125| aln(aAgcp)
AOCD =0.39GeV
-15.0 = . . ;
1.5 3.0 4.5 6.0
1l/a (GeV)
= a=0.1213fm
LEeF  Levea, + a=0.0882fn
R + a=0.0574fn
P SR i’; a-0.0425fn
e <t +  2=0.0318fm
Lof . -i‘;I
4
0.8l it
ii}i
0.6 {{{{{
0.4 LFF”[
0.2
o Oo, 0 o.lz 0.‘4 o.ls o.ls 1.‘0 12
z (fm)

FIG. 6. The pion quasi-PDF matrix element renormalized by
the linear divergence part of Wilson Loop.

r=0.18fm, t=0.18fm
r=0.24fm, t=0.24fm
r=0.3fm, t=0.3fm

r=0.36fm, t=0.36fm
r=0.42fm, t=0.42fm
r=0.48fm, t=0.48fm
r=0.54fm, t=0.54fm
r=0.6fm, t=0.6fm

e(rt) (Gev™1)

6.4 1

5.6

4.8

4.0

3.2

2.4

1.6

Slope of e(z) of clover Pion hyp1:

2.640(10) GeVA{-1} fm~{-1}
Wilson_Loop_hypl

linear fitting
k=slope/2=2.496(12)GeV~fm!

¢ data

0.4 0.6 0.8 1.0
r+t (fm)

1.2
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Wilson_Link_hypl

0.0

|
=
[

-3.0

In{U(0, z; a)}

—45{ eDgmmrgy +9(2) +fiz)a

Noco = 0.39GeV

—6.0
15 3.0 4.5 6.0

1/a (GeV)

. . . . .
0.0 0.2 0.4 0.6 0.8 1.0 1.2
z(fm)

FIG. 7. The effective decay rate of Landau gauge fixed Wilson
link (upper panel), and pion matrix element renormalized by
the Wilson link.

z=0.06fm
z=0.12fm
z=0.18fm
z=0.24fm
z=0.3fm

z=0.36fm
z=0.42fm
z=0.48fm
z=0.54fm
z=0.6fm

z=0.66m
z=0.72fm
z=0.78fm
z=0.84fm
z=0.9fm

z=0.96fm
z=1.02fm
z=1.08fm

Slope of e(z) of clover Pion hyp1:
2.640(10) GeVA{-1} fm~{-1}
Wilson_Link_hyp1l

3.6 linear fitting .
: k=slope=2.7378(22)GeV-fm! .
linear fitting he
3.0 k=slope=3.5977(44)GeV~fm!
¢ data
2.4
>
]
218
N
]
1.2
0.6
0.0 . . . .
0.25 0.50 0.75 1.00
Z (fm)

At small-z, it can be calculated in perturbation
theory where the linear divergence works well. For
large-z, the matrix element does not have a
transfer-matrix interpretation in this gauge.
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VEV_hypl

In{Oy.(t))

- 1
12.5 e(t)aln(a/\c@) +g(0)
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FIG. 4. Effective decay rate élog(%:ﬂ“) of the O, VEV.
t

The gaps between the results at different lattice spacings de-
creases on t.

t=0.18fm
t=0.24fm
t=0.3fm

t=0.36fm
t=0.42fm
t=0.48fm
t=0.54fm
t=0.6fm

t=0.66fm
t=0.72fm
t=0.78fm
t=0.84fm
t=0.9fm

t=0.96fm
t=1.02fm
t=1.08fm

e(t) (Gev™1)

5.2

4.8

4.4

4.0

3.6

3.2

Slope of e(z) of clover Pion hyp1:
2.640(10) GeVA{-1} fm~{-1}
VEV_hypl

linear fitting
k=slope=2.0(1.0)GeVfm~!

¢ data

0.2 0.4 0.6 0.8 1.0
t (fm)

Oy¢(2) = c0 * l/_)}/tl/)-l-. .
Yy*y) =0

At small z, (Oy¢(2)) only has higher
twist terms. Small residual Exp[g(z)],
large discretization error O(a).

Scalar matrix
elements
may avoid
these
problems
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F. Renormalization and PDF



Ay 2P
“(@ N = 50 Toglo/A]

%x—d
L

Solve ay(M,, A)=0.1179 (PDG2020
world average) to get A= 0.245 GeV

— LPCdata_RI/MOM_Exp.Extra._Oneloop_ag=0.332

— LPCdata_Ratio_Exp Extra._OnelLoop_a;=0.332

Then a,(u,A) = 0.332

—— LPCdata_Ratio-Hybrid{A;=5)_Exp Extra._Oneloop_a,=0 332

Fix u = 2GelV/
3 —— LPCdata_Ratio-Hybrid(A;.=5)_Exp Extra._OnelLoopConvolx3_a.=0.332
_____ MMHT2014 (Experiment)
----- CT18 (Experiment)
T
-1.0 —05
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