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             decay amplitudes
   from improved Wilson fermion

K ! ⇡⇡

We present our results of                   decay amplitudes K ! ⇡⇡
for both                   and         .�I = 1/2 3/2

Decay process  : K(0) ! ⇡(0)⇡(0)

● improved Wilson fermionNf = 2 + 1

1

m⇡ = 280MeV ( mK ⇠ 2⇥m⇡ )

a = 0.091 fm , La = 2.91fm



1.  Introduction
Long-standing problems of the Lattice QCD
in the neutral K meson system  :  

Understanding  ● �I = 1/2 rule
● Calculation of   ✏0/✏ from SM. Precise verification of SM .

Possibility of the beyond SM.

We need calculates two decay amplitudes :
AI = hK|H|⇡⇡; Ii ( I = 0, 2 )

issues : 
(1) relation between the amplitude on the lattice ( Euclid ) 
                            and that in the continuum ( Minkowski ).

: solved by   Lellouch and Lüscher
Lellouch and Lüscher, Math.Phys.219(2001)31.

(2) large fluctuation from the dis-connected diagram.

Calculations has been unsuccessful for a long time.
2



The calculation of the amplitudes is also possible with Wilson fermion, 
 if we subtract the lower dimensional operator with a renormalization condition :  

( i, j = 1, 2, · · · 10 )

↵j = h0|Qj |Ki/h0|P |Ki

Calculation cost :   Wilson fermion  <<  Domain wall fermion
Statistical improvement is expected by using Wilson fermion. 3

First calculation of the K decay amplitudes decay for                   : �I = 1/2

● LAT2011 [ arXiv:1110.2143 ]m⇡ = 330MeV , La = 2.7 fm

RBC-UKQCD
 Domain wall fermion ,

●

a = 0.114 fmNf = 2 + 1

PRD84(2011)114503m⇡ = 422MeV , La = 1.8 fm

For the Wilson fermion, operator renormalization  for parity odd part of               op. :�S = 1

QMS
i (µ) =

X

j

Zij(µ)Q
Lat
j

( from CPS symmetry )

P does not give finite contributions in the continuum.
This is not true for the Wilson fermion. 

Q
Lat
j = Qj � ↵jP , P = s̄�5d

Zij(µ) : same form as for the chiral sym. preserved case



Parameter
improved Wilson fermion + Iwasaki gauge actionNf = 2 + 1

323 ⇥ 64 , a = 0.091 fm , La = 2.91fm

( mK � 2 ·m⇡ = 28.3MeV )mK ⇠ 2⇥m⇡

Configurations :

PACS-CS ( original ) :    2,000 MD step
New  :  10,000 MD step

# of conf. = 480 ( every 25 MD step ) 
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K(0) ! ⇡(0)⇡(0)Decay process  : 

2.  Method

Our preliminary results 
have been presented at Lat2013 and Lat2014.

arXiv:1311.0958, arXiv:1410.8237.

m⇡ = 275.7(15)MeV , mK = 579.8(13)MeV



( : used with Coulomb gauge fixing at time slice of the wall sources )

( : periodic BC. in time )

Time correlation function
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WK(t) , W I
⇡⇡(t) : Wall source for K and ⇡⇡ with the iso-spoin I

Qi = Qi � ↵iP

GI(Qi)(t) =
1

T

T�1X

�=0

h0|WK(tK + �)Qi(t+ �)W I
⇡⇡(t⇡ + �) |0i

Note our convention : K0 = �s̄�5d

↵i = h0|Qi|Ki/h0|P |Ki

P = s̄�5d

tK = 24 , t⇡ = 0 , t = run



Calculation of quark loop at weak operators

Quark contractions : 

type3 type4

type1 type2

⇡

⇡K

Calculation of Quark loop : 

Stochastic method
+ Hopping parameter expansion technique ( HPE )
+ Truncated solver method ( TSM )

6( G.S.Bali et.al,  Comp.Phys.Comm. 181(2010)1570. )



Hopping parameter expansion technique ( HPE )
Wilson fermion : 

SW =  ̄W  =  ̄ (M �D) =  ̄M(1�D) 

(D )(x) = 

X

µ

⇥
(1� �µ)Uµ(x) (x+ µ) + (1 + �µ)U

†
µ(x� µ) (x� µ)

⇤

Quark propagator : 

Quark loop  :

�
D = M�1D

�

Calculation of the quark loop by the stochastic method
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= M�1 +DM�1 +D
2
M�1 +D

3
M�1 +D

4
W�1

Q(x, x) =
h
M

�1 +DM

�1 +D

2
M

�1 +D

3
M

�1 +D

4
W

�1
i
(x, x)

=
h
M

�1 +D

2
M

�1 +D

4
W

�1
i
(x, x)

( for any k )

( for k = 4 )

(M )(x) = [ 1� CSW (� · F (x))/2 ] (x)

Q = W�1 = (1�D)�1M�1 =
1X

n=0

D
n
M�1 =

k�1X

n=0

D
n
M�1 +D

k
W�1

Q(x, t;x, t) =
1

NR

NRX

i=1

⇠⇤i (x, t)Si(x, t)
✓

�3(x� y) = lim
NR!1

1

NR

NRX

i=1

⇠⇤i (x, t) ⇠i(y, t)

◆

Si(x, t) =
X

y

h
M�1 +D

2
M�1 +D

4
W�1

i
(x, t;y, t) ⇠i(y, t)



Truncated solver method ( TSM )

NR = 1

NT = 5

tor. < 10

�14

tor. < 1.2⇥ 10

�6
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( tor. = |WW�1 � ⇠|/|⇠| )

ST
i (x, t) : with W�1

calculated with a loose stopping condition

Si(x, t) =
X

y

h
M�1 +D

2
M�1 +D

4
W�1

i
(x, t;y, t) ⇠i(y, t)

Q(x, t;x, t) =
1

NR

NRX

i=1

⇠⇤i (x, t)
⇥
Si(x, t)� ST

i (x, t)
⇤
+

1

NT

NT+NRX

i=NR+1

⇠⇤i (x, t)S
T
i (x, t)



2.  Results
Effect of TSM 

-1.5 x 1011

-1.0 x 1011

-5.0 x 1010

0.0

5.0 x 1010

1.0 x 1011

1.5 x 1011

0 1 2 3 4 5 6 7

SUB_T4_Q2I0_09

-1.0 x 1010

-5.0 x 109

0.0

5.0 x 109

1.0 x 1010

0 1 2 3 4 5 6 7

SUB_T3_Q2I0_09

type-3 type-4

GI=0(Q2) at t = 9
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x = 0 :

x = 1 :

for i = 1

for i = 1

x = 2 · · · 6 :
for i = 2 · · · 6

x = 7 :

Q(x, t;x, t) = ⇠⇤i (x, t)Si(x, t)

Q(x, t;x, t) = ⇠⇤i (x, t)S
T
i (x, t)

Q(x, t;x, t) = ⇠⇤i (x, t)S
T
i (x, t)

( NR = 1 , NT = 5 )

Q(x, t;x, t) =
1

NR

NRX

i=1

⇠⇤i (x, t)
⇥
Si(x, t)� ST

i (x, t)
⇤

Si(x, t) =
X

y

h
M�1 +D

2
M�1 +D

4
W�1

i
(x, t;y, t) ⇠i(y, t)

+
1

NT
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⇠⇤i (x, t)S
T
i (x, t)

Q(x, t;x, t) =
1
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⇠⇤i (x, t)S
T
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We use x=7 for calculations of the decay amplitudes.
The correction terms are negligible.

GI=0(Q6) at t = 9
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x = 0 :

x = 1 :

for i = 1
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x = 2 · · · 6 :
for i = 2 · · · 6

x = 7 :
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from type-3 and type-4
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w TSM

GI=0(Q2)

TSM reduces the statistical error

( tK = 24 , t⇡ = 0 , Q(t) : run )
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GI=0(Q2)
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type-4 is large  !!
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from type-3 and type-4GI=0(Q6)
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( tK = 24 , t⇡ = 0 , Q(t) : run )
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14Large cancelation between type-1 and type-2.

( tK = 24 , t⇡ = 0 , Q(t) : run )
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EI=2
⇡⇡ = 0.2567(14)

EI=0
⇡⇡ = 0.2499(83)

t = [9, 32]

t = [9, 12]

N I=2
⇡⇡ = h0|W I=2

⇡⇡ |⇡⇡; I = 2i = 1.5852(85)⇥ 1010

N I=0
⇡⇡ = h0|W I=0

⇡⇡ |⇡⇡; I = 0i = 1.552(42)⇥ 1010

( from LW )

( from WW )

( from LW )

( from WW ) 15

2⇥m⇡ = 0.2535(14)

G(t) = AI ·
�
e�EI

⇡⇡t + e�ET
⇡⇡(T�t)

�
+ CI

CI
: around-the-world e↵ect



Extraction of the amplitudes

for tK � t � t⇡

Effective amplitude : 

( tK = 24 , t⇡ = 0 , t : run )
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( for our convention of 
)

( from K and        correlation function)⇡⇡

NK = h0|WK |Ki

N I
⇡⇡ = h0|W I

⇡⇡|⇡⇡; Ii

EI
⇡⇡ : energy of |⇡⇡; Ii

M I(Qi)(t) = GI(Qi)(t) · F I
LL/(NKN I

⇡⇡) · emK(tK�t)+EI
⇡⇡(t�t⇡) ⇥ (�1)

M I(Qi) = hK|Qi |⇡⇡; Ii K0 = �s̄�5d

(F I
LL)

2 = hK|Ki · h⇡⇡; I|⇡⇡; Ii/V 2

for I=0    stat. of SC. phase is not enough.

for I=2 
�I(p) = a · p+O(p3)

the factor is estimated, neglecting the cubic term of

F I=2
LL /F free

LL = 0.9254(64)

Lellouch - Lüscher factor : EI
⇡⇡ = 2

p
p2 +m2

⇡

q = pL/(2⇡)

tan�(q) = �⇡3/2q/Z00(1 : q2)

Z00(s : q
2) =

1p
4⇡

X

n2Z3

(n2 � q2)�s

"

the factor for non-interacting case is used.

= (4⇡)

✓
(EI

⇡⇡)
2mK

p3

◆✓
p
@�I(p)

@p
+ q

@�(q)

@q

◆



Effective amplitudes
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tK = 24
tK = 26
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M I=2(Q1) M I=2(Q7) M I=2(Q8)

M I=0(Q2) M I=0(Q6)

M I=0(Q2) = 3.55(1.43)⇥ 10�2 M I=0(Q6) = �1.96(1.06)⇥ 10�1

M I=2(Q1) = 2.256(35)⇥ 10�3 M I=2(Q7) = 9.85(11)⇥ 10�2 M I=2(Q8) = 3.242(37)⇥ 10�1

The around-the-world  effect for two pion state
can be avoided for the time range t=[9,12].

( tK = 22, 24, 26 , t⇡ = 0 , Q(t) : run )



Physical decay amplitudes 

From the lattice to the continuum :

( i, j = 1, 2, · · · 10 )

with perturbative renormalization factor (1 loop ).
Y. Taniguchi, JHEP04(2012)143.

Coefficient function :

matching point :

G. Bychalla, A.J.Buras, M.E. Lautenbacher, RMP 68(1996)125. 

Physical decay amplitudes :

18

µ = 1/a

( also                  to estimate higher order effect )µ = ⇡/a

QMS
i (µ) =

X

j

Zij(µ)Q
Lat
j

AI = hK|H|⇡⇡; Ii =
X

ij

Ci(µ)Zij(µ)M
I(Qj)

H =
X

i

Ci(µ)Q
MS
i (µ) =

GFp
2
V ⇤
udVus

X

i

(zi(µ) + ⌧yi(µ))Q
MS
i (µ)

M I
(Qi) : matrix element on the lattice
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Physical decay amplitudes 

m⇡ (MeV)

ReA0/ReA2

ReA0 (⇥10�8 GeV)

ReA2 (⇥10�8 GeV)

ImA0 (⇥10�12 GeV)

ImA2 (⇥10�12 GeV)

Re(✏0/✏) (⇥10�3)

280

2.426(38)

60(36)

25(15)

�1.14(13)

�67(56)

µ = 1/a µ = ⇡/a

2.460(38)

56(32)

23(13)

�52(48)

RBC-UKQCD Exp

140

33.2(2)

1.479(4)

22.45(6)

1.66(23)

  Enhancement of                  process is seen. �I = 1/2●

● Further improvement of statistics is necessary for         .✏0/✏

 Matching point dependence is very large for             . ● ImA2

422

4.911(31)

�25(22)

330

2.668(14)

�33(15)

( used |✏EXP| = 2.22⇥ 10�3 )

a (fm) 0.091 0.114 0.114

�0.6509(34)�0.7457(83) �0.5502(40)

0.8(25) 0.9(25) 2.0(17) 2.7(26)

31.1(45) 38.0(82)

12.0(17) 7.7(17)

●

They used a different two-pion operator from ours
and set the fitting range closer to the operator.

Stat. error of our  A0 is much larger than those of RBC-UKQCD at m⇡ = 330MeV
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effective mass of ⇡⇡ ! ⇡⇡ (I = 0)

E = 0.3922(126)

Methods for calculation of K to ππ Decay Qi Liu

t

δ δ

t

∆
δ

Figure 3: Separating the two pion sources in the time direction. The left panel shows the setup for the π−π
scattering calculation, and the right panel shows the setup for the k→ ππ decay calculation.
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Figure 4: Effectivemass plot for the two pions in the isospin zero channel. The left one uses π−π separation
0, and the right one uses 4. The energy calculated from these two setups is 0.3922(126) and 0.3639(55)
respectively.

factor of 5, and introducing a separation between the two pion sources by 4 makes the signal much
better.

Once we calculate the correlation functions, we do a single parameter fit to find the weak
matrix elements,

〈OK(0)Qi(top)Oππ(∆,∆+δ )〉
NππNKe−Eππ∆

=M1/2,lat
i e−(mK−Eππ)t (5.1)

where the kaon energy and π − π energy are fitted from the kaon and ππ correlation functions.
Results for operator Q2 which makes a major contribution to Re(A0) and the operator Q6 which
makes a major contribution to Im(A0) are shown in figure 5. A summary of the final results obtained
by combing NPR and Wilson coefficients are shown in table 5. This calculation is performed on
138 configurations.

In summary, we performed a full first principle calculation for both A2 and A0 in a 2.7 fm box,
with a 660 MeV kaon decaying to two 330 MeV pions. The agreement of the results with and
without disconnected graphs indicats that the diconnected graphs may not play a crucial role in this
particular decay process. A ratio of 12.0(1.7) for Re(A0) to Re(A2) suggests already a dramatic
∆I = 1/2 rule effect. The direct CP violation measure Re(ε ′/ε) is calculated to be 2.0(1.7)×10−3
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Figure 3: Separating the two pion sources in the time direction. The left panel shows the setup for the π−π
scattering calculation, and the right panel shows the setup for the k→ ππ decay calculation.
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factor of 5, and introducing a separation between the two pion sources by 4 makes the signal much
better.

Once we calculate the correlation functions, we do a single parameter fit to find the weak
matrix elements,

〈OK(0)Qi(top)Oππ(∆,∆+δ )〉
NππNKe−Eππ∆

=M1/2,lat
i e−(mK−Eππ)t (5.1)

where the kaon energy and π − π energy are fitted from the kaon and ππ correlation functions.
Results for operator Q2 which makes a major contribution to Re(A0) and the operator Q6 which
makes a major contribution to Im(A0) are shown in figure 5. A summary of the final results obtained
by combing NPR and Wilson coefficients are shown in table 5. This calculation is performed on
138 configurations.

In summary, we performed a full first principle calculation for both A2 and A0 in a 2.7 fm box,
with a 660 MeV kaon decaying to two 330 MeV pions. The agreement of the results with and
without disconnected graphs indicats that the diconnected graphs may not play a crucial role in this
particular decay process. A ratio of 12.0(1.7) for Re(A0) to Re(A2) suggests already a dramatic
∆I = 1/2 rule effect. The direct CP violation measure Re(ε ′/ε) is calculated to be 2.0(1.7)×10−3

6

� = 0 � = 4

m⇡ = 330MeV

20
Error is reduced by taking non-zero     .�

Reason ? 

E = 0.3639(55)

Methods for calculation of K to ππ Decay Qi Liu
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Figure 3: Separating the two pion sources in the time direction. The left panel shows the setup for the π−π
scattering calculation, and the right panel shows the setup for the k→ ππ decay calculation.
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factor of 5, and introducing a separation between the two pion sources by 4 makes the signal much
better.

Once we calculate the correlation functions, we do a single parameter fit to find the weak
matrix elements,

〈OK(0)Qi(top)Oππ(∆,∆+δ )〉
NππNKe−Eππ∆

=M1/2,lat
i e−(mK−Eππ)t (5.1)

where the kaon energy and π − π energy are fitted from the kaon and ππ correlation functions.
Results for operator Q2 which makes a major contribution to Re(A0) and the operator Q6 which
makes a major contribution to Im(A0) are shown in figure 5. A summary of the final results obtained
by combing NPR and Wilson coefficients are shown in table 5. This calculation is performed on
138 configurations.

In summary, we performed a full first principle calculation for both A2 and A0 in a 2.7 fm box,
with a 660 MeV kaon decaying to two 330 MeV pions. The agreement of the results with and
without disconnected graphs indicats that the diconnected graphs may not play a crucial role in this
particular decay process. A ratio of 12.0(1.7) for Re(A0) to Re(A2) suggests already a dramatic
∆I = 1/2 rule effect. The direct CP violation measure Re(ε ′/ε) is calculated to be 2.0(1.7)×10−3
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Contribution of the matrix element on the lattice

21

µ = 1/a

Tables

TABLE I: Decay amplitude for the ∆I = 3/2 process. The second column gives the bare matrix

elements M I=2
i for Qi in the lattice unit. The other columns are their contribution to A2 ( A2(i)

in (98) ) for q∗ = 1/a and π/a.

q∗ = 1/a q∗ = π/a

i M I
i ReA2 (GeV) ImeA2 (GeV) ReA2 (GeV) ImeA2 (GeV)

1 2.256(35) × 10−3 −1.887(29) × 10−08 0 −1.452(23) × 10−08 0

2 = M I=2
1 4.330(68) × 10−08 0 3.920(61) × 10−08 0

7 9.85(11) × 10−2 1.053(12) × 10−10 2.772(32) × 10−13 3.172(36) × 10−10 2.100(24) × 10−13

8 3.242(37) × 10−1 −2.722(31) × 10−10 −1.670(19) × 10−12 −4.124(47) × 10−10 −1.156(13) × 10−12

9 = 3/2 ·M I=2
1 −1.140(18) × 10−12 3.762(59) × 10−13 3.739(58) × 10−12 3.409(53) × 10−13

10 = 3/2 ·M I=2
1 3.771(59) × 10−10 −1.756(27) × 10−13 4.372(68) × 10−10 −1.409(22) × 10−13

Total - 2.426(38) × 10−08 −1.192(14) × 10−12 2.460(38) × 10−08 −7.457(83) × 10−13

TABLE II: Decay amplitude for the ∆I = 1/2 process. The second column gives the bare matrix
elements M I=0

i for Qi in the lattice unit. The other columns are their contribution to A0 ( A0(i)

in (98) ) for q∗ = 1/a and π/a.

q∗ = 1/a q∗ = π/a

i M I
i ReA0 (GeV) ImeA0 (GeV) ReA0 (GeV) ImeA0 (GeV)

1 5(13) × 10−3 −4(11) × 10−08 0 −3.1(85) × 10−08 0

2 3.6(14) × 10−2 6.8(28) × 10−07 0 6.2(25) × 10−07 0

3 7.2(37) × 10−2 −1.25(65) × 10−08 −2.5(13) × 10−11 −1.7(87) × 10−08 −2.1(11) × 10−11

4 1.06(40) × 10−1 5.3(20) × 10−08 6.6(25) × 10−11 6.2(24) × 10−08 6.1(23) × 10−11

5 −1.0(43) × 10−2 1.5(59) × 10−09 1.7(68) × 10−12 1.9(74) × 10−09 1.8(71) × 10−12

6 −2.0(11) × 10−1 −8.4(46) × 10−08 −1.03(56) × 10−10 −7.7(42) × 10−08 −8.8(48) × 10−11

7 2.42(18) × 10−1 2.58(19) × 10−10 6.81(50) × 10−13 7.79(57) × 10−10 5.16(38) × 10−13

8 7.46(54) × 10−1 −6.26(45) × 10−10 −3.84(28) × 10−12 −9.48(68) × 10−10 −2.66(19) × 10−12

9 −3.0(14) × 10−2 1.02(48) × 10−11 −3.4(16) × 10−12 −3.4(16) × 10−11 −3.1(14) × 10−12

10 0.0(12) × 10−2 0.0(14) × 10−11 −0.1(64) × 10−13 0.0(16) × 10−11 −0.1(52) × 10−13

Total - 6.0(36) × 10−07 −6.7(56) × 10−11 5.6(32) × 10−07 −5.2(48) × 10−11

29

Tables

TABLE I: Decay amplitude for the ∆I = 3/2 process. The second column gives the bare matrix

elements M I=2
i for Qi in the lattice unit. The other columns are their contribution to A2 ( A2(i)

in (98) ) for q∗ = 1/a and π/a.

q∗ = 1/a q∗ = π/a

i M I
i ReA2 (GeV) ImeA2 (GeV) ReA2 (GeV) ImeA2 (GeV)

1 2.256(35) × 10−3 −1.887(29) × 10−08 0 −1.452(23) × 10−08 0

2 = M I=2
1 4.330(68) × 10−08 0 3.920(61) × 10−08 0

7 9.85(11) × 10−2 1.053(12) × 10−10 2.772(32) × 10−13 3.172(36) × 10−10 2.100(24) × 10−13

8 3.242(37) × 10−1 −2.722(31) × 10−10 −1.670(19) × 10−12 −4.124(47) × 10−10 −1.156(13) × 10−12

9 = 3/2 ·M I=2
1 −1.140(18) × 10−12 3.762(59) × 10−13 3.739(58) × 10−12 3.409(53) × 10−13

10 = 3/2 ·M I=2
1 3.771(59) × 10−10 −1.756(27) × 10−13 4.372(68) × 10−10 −1.409(22) × 10−13

Total - 2.426(38) × 10−08 −1.192(14) × 10−12 2.460(38) × 10−08 −7.457(83) × 10−13

TABLE II: Decay amplitude for the ∆I = 1/2 process. The second column gives the bare matrix
elements M I=0

i for Qi in the lattice unit. The other columns are their contribution to A0 ( A0(i)

in (98) ) for q∗ = 1/a and π/a.

q∗ = 1/a q∗ = π/a

i M I
i ReA0 (GeV) ImeA0 (GeV) ReA0 (GeV) ImeA0 (GeV)

1 5(13) × 10−3 −4(11) × 10−08 0 −3.1(85) × 10−08 0

2 3.6(14) × 10−2 6.8(28) × 10−07 0 6.2(25) × 10−07 0

3 7.2(37) × 10−2 −1.25(65) × 10−08 −2.5(13) × 10−11 −1.7(87) × 10−08 −2.1(11) × 10−11

4 1.06(40) × 10−1 5.3(20) × 10−08 6.6(25) × 10−11 6.2(24) × 10−08 6.1(23) × 10−11

5 −1.0(43) × 10−2 1.5(59) × 10−09 1.7(68) × 10−12 1.9(74) × 10−09 1.8(71) × 10−12

6 −2.0(11) × 10−1 −8.4(46) × 10−08 −1.03(56) × 10−10 −7.7(42) × 10−08 −8.8(48) × 10−11

7 2.42(18) × 10−1 2.58(19) × 10−10 6.81(50) × 10−13 7.79(57) × 10−10 5.16(38) × 10−13

8 7.46(54) × 10−1 −6.26(45) × 10−10 −3.84(28) × 10−12 −9.48(68) × 10−10 −2.66(19) × 10−12

9 −3.0(14) × 10−2 1.02(48) × 10−11 −3.4(16) × 10−12 −3.4(16) × 10−11 −3.1(14) × 10−12

10 0.0(12) × 10−2 0.0(14) × 10−11 −0.1(64) × 10−13 0.0(16) × 10−11 −0.1(52) × 10−13

Total - 6.0(36) × 10−07 −6.7(56) × 10−11 5.6(32) × 10−07 −5.2(48) × 10−11

29

Tables

TABLE I: Decay amplitude for the ∆I = 3/2 process. The second column gives the bare matrix

elements M I=2
i for Qi in the lattice unit. The other columns are their contribution to A2 ( A2(i)

in (98) ) for q∗ = 1/a and π/a.

q∗ = 1/a q∗ = π/a

i M I
i ReA2 (GeV) ImeA2 (GeV) ReA2 (GeV) ImeA2 (GeV)

1 2.256(35) × 10−3 −1.887(29) × 10−08 0 −1.452(23) × 10−08 0

2 = M I=2
1 4.330(68) × 10−08 0 3.920(61) × 10−08 0

7 9.85(11) × 10−2 1.053(12) × 10−10 2.772(32) × 10−13 3.172(36) × 10−10 2.100(24) × 10−13

8 3.242(37) × 10−1 −2.722(31) × 10−10 −1.670(19) × 10−12 −4.124(47) × 10−10 −1.156(13) × 10−12

9 = 3/2 ·M I=2
1 −1.140(18) × 10−12 3.762(59) × 10−13 3.739(58) × 10−12 3.409(53) × 10−13

10 = 3/2 ·M I=2
1 3.771(59) × 10−10 −1.756(27) × 10−13 4.372(68) × 10−10 −1.409(22) × 10−13

Total - 2.426(38) × 10−08 −1.192(14) × 10−12 2.460(38) × 10−08 −7.457(83) × 10−13

TABLE II: Decay amplitude for the ∆I = 1/2 process. The second column gives the bare matrix
elements M I=0

i for Qi in the lattice unit. The other columns are their contribution to A0 ( A0(i)

in (98) ) for q∗ = 1/a and π/a.

q∗ = 1/a q∗ = π/a

i M I
i ReA0 (GeV) ImeA0 (GeV) ReA0 (GeV) ImeA0 (GeV)

1 5(13) × 10−3 −4(11) × 10−08 0 −3.1(85) × 10−08 0

2 3.6(14) × 10−2 6.8(28) × 10−07 0 6.2(25) × 10−07 0

3 7.2(37) × 10−2 −1.25(65) × 10−08 −2.5(13) × 10−11 −1.7(87) × 10−08 −2.1(11) × 10−11

4 1.06(40) × 10−1 5.3(20) × 10−08 6.6(25) × 10−11 6.2(24) × 10−08 6.1(23) × 10−11

5 −1.0(43) × 10−2 1.5(59) × 10−09 1.7(68) × 10−12 1.9(74) × 10−09 1.8(71) × 10−12

6 −2.0(11) × 10−1 −8.4(46) × 10−08 −1.03(56) × 10−10 −7.7(42) × 10−08 −8.8(48) × 10−11

7 2.42(18) × 10−1 2.58(19) × 10−10 6.81(50) × 10−13 7.79(57) × 10−10 5.16(38) × 10−13

8 7.46(54) × 10−1 −6.26(45) × 10−10 −3.84(28) × 10−12 −9.48(68) × 10−10 −2.66(19) × 10−12

9 −3.0(14) × 10−2 1.02(48) × 10−11 −3.4(16) × 10−12 −3.4(16) × 10−11 −3.1(14) × 10−12

10 0.0(12) × 10−2 0.0(14) × 10−11 −0.1(64) × 10−13 0.0(16) × 10−11 −0.1(52) × 10−13

Total - 6.0(36) × 10−07 −6.7(56) × 10−11 5.6(32) × 10−07 −5.2(48) × 10−11
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Tables

TABLE I: Decay amplitude for the ∆I = 3/2 process. The second column gives the bare matrix

elements M I=2
i for Qi in the lattice unit. The other columns are their contribution to A2 ( A2(i)

in (98) ) for q∗ = 1/a and π/a.

q∗ = 1/a q∗ = π/a

i M I
i ReA2 (GeV) ImeA2 (GeV) ReA2 (GeV) ImeA2 (GeV)

1 2.256(35) × 10−3 −1.887(29) × 10−08 0 −1.452(23) × 10−08 0

2 = M I=2
1 4.330(68) × 10−08 0 3.920(61) × 10−08 0

7 9.85(11) × 10−2 1.053(12) × 10−10 2.772(32) × 10−13 3.172(36) × 10−10 2.100(24) × 10−13

8 3.242(37) × 10−1 −2.722(31) × 10−10 −1.670(19) × 10−12 −4.124(47) × 10−10 −1.156(13) × 10−12

9 = 3/2 ·M I=2
1 −1.140(18) × 10−12 3.762(59) × 10−13 3.739(58) × 10−12 3.409(53) × 10−13

10 = 3/2 ·M I=2
1 3.771(59) × 10−10 −1.756(27) × 10−13 4.372(68) × 10−10 −1.409(22) × 10−13

Total - 2.426(38) × 10−08 −1.192(14) × 10−12 2.460(38) × 10−08 −7.457(83) × 10−13

TABLE II: Decay amplitude for the ∆I = 1/2 process. The second column gives the bare matrix
elements M I=0

i for Qi in the lattice unit. The other columns are their contribution to A0 ( A0(i)

in (98) ) for q∗ = 1/a and π/a.

q∗ = 1/a q∗ = π/a

i M I
i ReA0 (GeV) ImeA0 (GeV) ReA0 (GeV) ImeA0 (GeV)

1 5(13) × 10−3 −4(11) × 10−08 0 −3.1(85) × 10−08 0

2 3.6(14) × 10−2 6.8(28) × 10−07 0 6.2(25) × 10−07 0

3 7.2(37) × 10−2 −1.25(65) × 10−08 −2.5(13) × 10−11 −1.7(87) × 10−08 −2.1(11) × 10−11

4 1.06(40) × 10−1 5.3(20) × 10−08 6.6(25) × 10−11 6.2(24) × 10−08 6.1(23) × 10−11

5 −1.0(43) × 10−2 1.5(59) × 10−09 1.7(68) × 10−12 1.9(74) × 10−09 1.8(71) × 10−12

6 −2.0(11) × 10−1 −8.4(46) × 10−08 −1.03(56) × 10−10 −7.7(42) × 10−08 −8.8(48) × 10−11

7 2.42(18) × 10−1 2.58(19) × 10−10 6.81(50) × 10−13 7.79(57) × 10−10 5.16(38) × 10−13

8 7.46(54) × 10−1 −6.26(45) × 10−10 −3.84(28) × 10−12 −9.48(68) × 10−10 −2.66(19) × 10−12

9 −3.0(14) × 10−2 1.02(48) × 10−11 −3.4(16) × 10−12 −3.4(16) × 10−11 −3.1(14) × 10−12

10 0.0(12) × 10−2 0.0(14) × 10−11 −0.1(64) × 10−13 0.0(16) × 10−11 −0.1(52) × 10−13

Total - 6.0(36) × 10−07 −6.7(56) × 10−11 5.6(32) × 10−07 −5.2(48) × 10−11
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=
X

i

Āi

Āi =
X

j

Cj(µ)Zji(µ)M
I(Qi)

AI = hK|H|⇡⇡; Ii

M I
(Qi) : bare matrix element on the lattice



5. Summary
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for the process                                at K(0) ! ⇡(0)⇡(0)

● improved Wilson fermion withNf = 2 + 1

● Calculation of quark loop by
Stochastic method with HPE and TSM

We found :

We calculate                 decay amplitudes K ! ⇡⇡

For        ,Q2 the contribution of type-4 ( OZI-suppression diag. )  is large.
type-4  ~  type-1

TSM is an efficient method.

Further improvement of statistics is necessary for         .✏0/✏

Non-perturbative renormalization factor is needed.

ReA0/ReA2 = 25± 15

Non-perturbative subtraction of the lower dimensional operator .

m⇡ = 280MeV ( mK ⇠ 2⇥m⇡ )

( : Wilson fermion ? )

Improvement of the K and ππ  operator is necessary.

  Enhancement of                  process is seen. �I = 1/2

●

●

●

●

● Stat. error of our  A0 is much larger than those of RBC-UKQCD. 
Improvement of the K and ππ  operator is necessary.

 Matching point dependence is very large for             . ● ImA2



Back-up

Note our convention : K0 = �s̄�5d

and the spinor indices are contracted within each pair of
parentheses. The subscript L denotes left, so that, e.g.,
ð !sidiÞLð !ujujÞL ¼ ½ !si!"ð1% !5Þdi&½ !uj!"ð1% !5Þuj&. The

"I ¼ 3=2 components of the operators Q1, Q2, Q9, and

Q10 are all proportional toQ
3=2
ð27;1Þ. From all our simulations,

we confirm that the contribution from the EWP operators
to ReA2 is about 1%; e.g., for physical kinematics, we find
ReA2 ¼ ð1:381' 0:046' 0:258Þ ( 10%8 GeV to which
the EWP operators contribute %0:0171( 10%8 GeV
[4,5] (the physical value is ReA2¼1:479ð4Þ(10%8GeV).
We therefore neglect the EWP operators in the following

discussion. Chiral symmetry implies that Q3=2
ð27;1Þ does not

mix with the EWP operators, so that ReA2 is proportional
to its lattice matrix element; the constant of proportionality
is the product of the Wilson coefficient, the renormaliza-
tion constant, finite-volume effects, and kinematical
factors (see Ref. [5] for a detailed discussion, including
an explicit demonstration that the mixing is indeed negli-
gible in the DWF simulation).

Fierz transformations allow the K ! ## correlation

function of Q3=2
ð27;1Þ to be reduced to the sum of the two

contractions illustrated in Fig. 1, labeled by s1 and s2 . The
two contractions are identical except for the way that the
color indices are summed. A2 is proportional to the matrix
element extracted from the sums1 þs2 . The main message
of this Letter is our observation from all three simulations
that s1 and s2 have opposite signs and are comparable in
size. This is illustrated in Fig. 2 for the results at physical
kinematics from Refs. [4,5], where we plot s1, %s2 , and
s1 þs2 as functions of t. We extract A2 by fitting s1 þs2 in
the interval t 2 ½5; 19&, where there is a significant cancel-
ation between the two terms. A similar, although not quite
so pronounced cancelation occurs at threshold for physical
masses and for the heavier masses studied in Refs. [3,10];
see Fig. 3, for example.

We stress that it is only the correlation function s1 þs2

which has a time behavior corresponding to Eð##Þ2 .
Because the calculation is performed in a finite volume,
Eð##Þ2 ! Eð##Þ0 and s1 and s2 individually have an isospin

0 component. If Eð##Þ2 ¼ mK, then s1 þs2 is independent

of t away from the kaon and two-pion sources, and this is
what we observe, particularly in Fig. 2, where the energies
are most precisely matched.

It has been argued that the factorization hypothesis [14]
works reasonably well in reproducing the experimental
value of A2 (see, e.g., Sec. VIII-4 in Ref. [15]). In this
approach, the gluonic interactions between the quarks
combining into different pions are neglected and A2 is
related to the decay constant f# and the K‘3 form factor
close to zero-momentum transfer. On the basis of color
counting, one might therefore expect that s2 ’ 1=3s1 ,
whereas, for physical kinematics, we find s2 ’ %0:7s1
and that nevertheless s1 þs2 leads to the correct result for
A2. Thus, the expectation based on the factorization
hypothesis proves to be unreliable here.
Following the discovery that s1 and s2 have opposite

signs, we examined separately the two contributions to
the matrix element h !K0jð!sdÞLð!sdÞLjK0i, which contains
the nonperturbative QCD effects in neutral kaon mixing
[11]. The two contributions correspond to Wick contrac-
tions in which the two quark fields in the K0 interpolating

FIG. 1. The two contractions contributing to ReA2. They are
distinguished by the color summation (i and j denote color). s
denotes the strange quark and L that the currents are left handed.

FIG. 2 (color online). Contractions s1 , %s2 , and s1 þs2 as
functions of t from the simulation at physical kinematics and
with " ¼ 24.

FIG. 3 (color online). Contractions s1, %s2 , and s1 þs2 as
functions of t from the simulation at threshold with m# ’
330 MeV and " ¼ 20.
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It has been argued that the factorization hypothesis [14]
works reasonably well in reproducing the experimental
value of A2 (see, e.g., Sec. VIII-4 in Ref. [15]). In this
approach, the gluonic interactions between the quarks
combining into different pions are neglected and A2 is
related to the decay constant f# and the K‘3 form factor
close to zero-momentum transfer. On the basis of color
counting, one might therefore expect that s2 ’ 1=3s1 ,
whereas, for physical kinematics, we find s2 ’ %0:7s1
and that nevertheless s1 þs2 leads to the correct result for
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m⇡ = 330MeV
t⇡ = 0 , tK = 24

tK = 0 , t⇡ = 20

RBC-UKQCD

m⇡ = 280MeV

Ours
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ReA2 = ( (1) + (2) )

ReA0 = ( 2⇥ (1) � (2) )


