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Phase diagram of QCD

Objective: Detection / existence of the QCD Critical Point (CP)
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Look for observables tailored for the CP; Scan phase diagram by
varying energy and size of collision system.
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K. Fukushima, T. Hatsuda, Rept. Prog. Phys. 74:014001 (2011)



Critical Observables; the Order Parameter (OP)

CP observables

Event-by-event (global) fluctuations:
Variance, skewness, kurtosis –

sensitive to experimental acceptance

Local:
density fluctuations of OP

in transverse space
(stochastic fractal)

Order parameter

Chiral condensate
σ(x) = 〈q̄(x)q(x)〉

Net proton density
nB(x)

coupling
induced critical

fluctuations*
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*[Y. Hatta and M. A. Stephanov, PRL91, 102003 (2003)]



Self-similar density fluctuations near the CP

Critical Point
Universality Class

& space dimensionality

Critical exponents
(power-law)

Correlations in
configuration space
Correlations in
configuration space

Correlations in
momentum space

σ-field:
〈nσ(k)nσ(k ′)〉 ∼ |k − k ′|−4/3,

nσ(k) = σ2(k)

Baryons:
〈nB(k)nB(k ′)〉 ∼ |k − k ′|−5/3,

nB = net baryon density
at midrapidity

divergent correlation

length ξ → ∞

determines

dictate

Fourier
transform

3D-Ising,
infinite

size
system
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Observing power-law fluctuations

Experimental observation of local, power-law distributed fluctuations
⇓

Intermittency in transverse momentum space (net protons at mid-rapidity)
(Critical opalescence in ion collisions*)

Transverse momentum space is
partitioned into M2 cells

Calculate second factorial moments
F2(M) as a function of cell size ⇔
number of cells M:

F2(M) ≡
∑
m

〈nm(nm − 1)〉

∑
m

〈nm〉2
,

where 〈. . .〉 denotes averaging over
events.

px

p
y

m   binth m   binth

n  : number of
particles in

m

N. Davis (IFJ PAN) Searching for QCD critical point August 10, 2017 6 / 22

*[F.K. Diakonos, N.G. Antoniou and G. Mavromanolakis, PoS (CPOD2006) 010, Florence]



Subtracting the background from factorial moments

Experimental data is noisy ⇒ a background of
uncorrelated/non-critical pairs must be subtracted at the level of
factorial moments.

Intermittency will be revealed at the level of subtracted moments
∆F2(M).

Partitioning of pairs into critical/background

〈n(n− 1)〉 = 〈nc(nc − 1)〉︸ ︷︷ ︸
critical

+ 〈nb(nb − 1)〉︸ ︷︷ ︸
background

+ 2〈nbnc〉︸ ︷︷ ︸
mixed term

∆F2(M)︸ ︷︷ ︸
correlator

= F
(d)
2 (M)︸ ︷︷ ︸

data

−λ(M)2 F
(b)
2 (M)︸ ︷︷ ︸

background

−2 λ(M)︸ ︷︷ ︸
ratio

<n>b
<n>d

(1− λ(M)) fbc

The mixed term can be neglected for dominant background
(non-trivial! Justified by CMC simulations)
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Scaling of factorial moments – Subtracting mixed events

For λ . 1 (background domination), ∆F2(M) can be approximated by:

∆F
(e)
2 (M) = F data

2 (M)− Fmix
2 (M)

For a critical system, ∆F2 scales with cell size (number of cells, M) as:

∆F2(M) ∼
(
M2
)ϕ2

where ϕ2 is the intermittency index.

Theoretical predictions for ϕ2
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ϕ
(σ)
2,cr =

2
3 (0.66 . . .)

sigmas (neutral isoscalar dipions)

[N. G. Antoniou et al, Nucl. Phys. A 693, 799 (2001)]

ϕ
(p)
2,cr =

5
6 (0.833 . . .)

net baryons (protons)

[N. G. Antoniou, F. K. Diakonos, A. S. Kapoyannis,

K. S. Kousouris, Phys. Rev. Lett. 97, 032002 (2006)]
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Statistical & systematic error handling in F2(M)

F2(M) averaged over
many lattice positions

⇓
smoothing of bin
boundary effect

Displaced lattice
— a simple example
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M=3, lattice for one event

original lattice

[-1.5,1.5]x[-1.5,1.5]

displaced lattice

[-1.2,1.8]x[-1.2,1.8]

 (M=3) = 108/252<n(n-1)>/<n>

 (M=3') = 54/252<n(n-1)>/<n>

 (M=3) = 108/252<n(n-1)>/<n>

 (M=3') = 54/252<n(n-1)>/<n>

Variations of original sample of events
produced by resampling (bootstrap)
method ⇒ sampling of events with
replacement

∆F2(M) calculated for each bootstrap
sample; variance of sample values
provides statistical error of ∆F2(M)
[W.J. Metzger, “Estimating the Uncertainties of

Factorial Moments”, HEN-455 (2004).]

Distribution of ϕ2 values, P(ϕ2), and
confidence intervals for ϕ2 obtained
by fitting individual bootstrap samples
[B. Efron, The Annals of Statistics 7,1 (1979)]

N. Davis (IFJ PAN) Searching for QCD critical point August 10, 2017 9 / 22



Critical Monte Carlo (CMC) algorithm for baryons

Simplified version of CMC* code:

Only protons produced
One cluster per event, produced
by random Lévy walk:

d̃
(B,2)
F = 1/3 ⇒ φ2 = 5/6

Lower / upper bounds of Lévy
walks pmin,max plugged in.
Cluster center exponential in pT ,
slope adjusted by Tc parameter.
Poissonian proton multiplicity
distribution.

Input parameters

Parameter pmin (MeV) pmax (MeV) λPoisson Tc (MeV)

Value 0.1 → 1 800 → 1200 〈p〉non-empty 163
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* [Antoniou, Diakonos, Kapoyannis and Kousouris, Phys. Rev. Lett. 97, 032002 (2006).]

Lévy walk example



NA49 intermittency analysis of critical proton density

T. Anticic et al., Eur. Phys. J. C 75:587 (2015), arXiv:1208.5292v5

An intermittency
analysis on 3 sets of
NA49 collision
systems at maximum
SPS energy

Factorial moments of
proton transverse
momenta analyzed at
mid-rapidity
(constant proton
density)
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Intermittency analysis results – NA49 “Si”+Si

Evidence for intermittency in “Si”+Si – but large statistical errors.

No intermittency detected in the “C”+C, Pb+Pb datasets.

Fit with ∆F
(e)
2 (M ; C, φ2) = eC ·

(
M2
)φ2 , for M2 ≥ 6000
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Bootstrap distribution of φ2 values is highly asymmetric due to

closeness of F
(d)
2 (M) to F

(m)
2 (M).

The spread is partly artificial due to pathological fits (negative
∆F2(M) values in some bootstrap samples)
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φ2 = 0.95(05)

φ2,B = 0.96+0.38
−0.25



Noisy CMC (baryons) – estimating the level of background

F2(M) of noisy CMC approximates “Si”+Si for λ ≈ 0.99

∆F
(e)
2 (M) reproduces critical behaviour of pure CMC, even though

their moments differ by orders of magnitude!
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Noisy CMC results show our approximation is reasonable for
dominant background.
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φ2,B = 0.80+0.19
−0.15



NA61/SHINE data analysis

NA49 analysis encourages us to look for intermittency in
medium-sized nuclei, in the NA61 experiment.

Intermittency analysis requires:

Large event statistics ⇒ ∼ 100K events min., ideally ∼ 1M events.
Reliable particle ID ⇒ proton purity should be ∼ 80%, 90%.
Central collisions.
Adequate mean proton multiplicity in midrapidity (≥ 2)

The NA61 experiment performs an (ongoing) scan for various
colliding system sizes and collision energies.

Of the presently available NA61 systems, we have performed a
preliminary analysis for Be+Be data @ 150 GeV, as well as a
feasibility study for intermittency in Ar+Sc @ 150 GeV.
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Overview of 7Be + 9Be, 40Ar + 45Sc @ 150 GeV

Mean proton multiplicity density
per event, in mid-rapidity –
preliminary analysis of NA61
data suggests:

dNp

dy

∣∣∣∣
|yCM |≤0.75, pT≤1.5

∼ 0.7

rather low ⇒ ≥ 1.5→ 2 needed

Analysis of NA61 data in
progress.

Simulation through EPOS*
would suggest:

dNp

dy

∣∣∣∣
|yCM |≤0.75, pT≤1.5

∼ 4

for
bmax ∼ 3.5⇔∼ 10% centrality;
adequate for an intermittency
analysis
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Ar+Sc:Be+Be:

*[ K. Werner, F. Liu, and T. Pierog, Phys. Rev. C 74, 044902 (2006)]



Be+Be – NA61 data & CMC

Collision parameters:
1 7Be (beam) + 9Be (target)
2 Beam energy: 150A GeV (target rest frame) ⇔ √sNN = 16.8 GeV

7Be + 9Be NA61 data – proton pT statistics

Centrality #events 〈p〉|pT |≤1.5 GeV , |yCM |≤0.75 ∆px ,y

Non-empty With empty

10% 166,215 1.48± 0.74 0.82± 0.92 0.38 - 0.49

CMC simulation parameters

Parameter pmin (MeV) pmax (MeV) λPoisson Tc (MeV)

Value 0.85 1200 0.76 163

〈p〉 in mid-rapidity remains low, except for very central collisions
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Be+Be factorial moments – Data & Mixed events
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F2(M) of data and mixed events
overlap ⇒
Subtracted moments ∆F2(M)
fluctuate around zero ⇒
No intermittency effect is
observed.

N. Davis (IFJ PAN) Searching for QCD critical point August 10, 2017 17 / 22



Be+Be factorial moments – Data & Noisy CMC

F2(M) of noisy CMC approximates Be+Be data for ∼ 99.7% noise
level.
noisy CMC model vs Be+Be data ⇒ upper limit on fraction of
critical protons in Be+Be data: ∼ 0.3% critical component.
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Intermittency analysis sensitive enough to detect tiny subset with
critical scaling; larger statistics needed to find signal or decrease
upper limit.
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Simulating Ar+Sc – EPOS & CMC

Simulation parameters:
1 40Ar (beam) + 45Sc (target)
2 Beam energy: 150A GeV (target rest frame) ⇔ √sNN = 16.8 GeV
3 Central collisions ⇒ bmax = 3.5 fm
4 Total number of simulated events: 100K

EPOS – proton pT statistics

bmax #events 〈p〉|pT |≤1.5 GeV , |yCM |≤0.75 ∆px ,y

Non-empty With empty

3.5 100,000 5.3± 2.5 5.3± 2.4 0.490

CMC simulation parameters

Parameter pmin (MeV) pmax (MeV) λPoisson Tc (MeV)

Value 0.41 1200 5.3 163

〈p〉 in mid-rapidity acceptable for bmax ≤ 3.5
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Noisy CMC, Ar+Sc – estimating the level of background

F2(M) of noisy CMC approximates Ar+Sc EPOS for λ ≈ 0.995

Estimated level of critical protons fraction: ∼ 0.5%

Correlator ∆F
(e)
2 (M) has slope φ2 = 0.75+0.12

−0.12
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CMC indicates that a signal would become visible in Ar+Sc for
λ ≈ 0.995.
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φ2,B = 0.75+0.12
−0.12



Summary and outlook

Intermittency analysis of self-similar (power-law) fluctuations of the
net baryon density in transverse momentum space provides us with a
promising set of observables for detecting the location of the QCD
critical point.

Analysis of NA49 “Si”+Si @ 158 GeV central collisions reveals an
estimated fraction of ∼ 1% critical protons, with an estimated
φ2,B = 0.96+0.38

−0.25, overlapping with the critical QCD prediction. No
significant intermittent behaviour in “C”+C, Pb+Pb @ 158 GeV.

In NA61, preliminary analysis of Be+Be @ 150 GeV indicates an
upper limit of ∼ 0.3% critical protons, and Ar+Sc @ 150 GeV
feasibility study a sensitivity level of ∼ 0.5%.

We estimate an intermittency analysis to be feasible for (at least) the
Ar+Sc system at maximum SPS energy. Expanding the analysis to
other systems (Xe+La) and energies will hopefully lead to an
accurate determination of the critical point location.
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Thank you!
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Split tracks; the qinv cut in analysed datasets
Split tracks can create false positive for intermittency ⇒ must be
reduced or removed.
qinv -test – distribution of track pairs: qinv (pi , pj ) ≡ 1

2

√
−(pi − pj )2,

pi : 4-momentum of i th track.
Calculate ratio qdatainv /qmixed

inv ⇒ peak at low qinv (below 20 MeV/c):
possible split track contamination.
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Anti-correlations due to F-D effects and Coulomb repulsion must be
removed before intermittency analysis ⇒ “dip” in low qinv , peak
predicted around 20 MeV/c [Koonin, PLB 70, 43-47 (1977)]

Universal cutoff of qinv > 25 MeV/c applied to all sets before analysis.
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NA49 analysis – ∆pT distributions

We measure correlations in relative pT of protons via
∆pT = 1/2

√
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Strong correlations for
∆pT → 0 indicate
power-law scaling of the
density-density
correlation function ⇒
intermittency presence

We find a strong peak in
the “Si”+Si dataset

A similar peak is seen in
the ∆pT profile of
simulated CMC protons
with the characteristics
of “Si”+Si.
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Improving calculation of F2(M) via lattice averaging

Problem: With low statistics/multiplicity, lattice boundaries may split
pairs of neighboring points, affecting F2(M) values (see example
below).

Solution: Calculate moments
several times on different, slightly
displaced lattices (see example)

Average corresponding F2(M)
over all lattices. Errors can be
estimated by variance over lattice
positions.

Lattice displacement is larger than
experimental resolution, yet
maximum displacement must be of
the order of the finer binnings, so
as to stay in the correct pT range.

Displaced lattice
— a simple example
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Improved confidence intervals for φ2 via resampling

In order to estimate the statistical errors of ∆F2(M), we need to
produce variations of the original event sample. This, we can achieve
by using the statistical method of resampling (bootstrapping) ⇒

Sample original events with replacement, producing new sets of the
same statistics (# of events)
Calculate ∆F2(M) for each bootstrap sample in the same manner as
for the original.
The variance of sample values provides the statistical error of ∆F2(M).

[W.J. Metzger, “Estimating the Uncertainties of Factorial Moments”, HEN-455 (2004).]

Furthermore, we can obtain a distribution P(ϕ2) of ϕ2 values. Each
bootstrap sample of ∆F2(M) is fit with a power-law:

∆F2(M; C, ϕ2) = eC · (M2)ϕ2

and we can extract a confidence interval for ϕ2 from the distribution
of values. [B. Efron, The Annals of Statistics 7,1 (1979)]
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Event & track cuts for Si+A

Event cuts:

Iflag = 0 , chi2 > 0

Beam charge cuts (Al,Si,P)

Vertex cuts:

−0.4 cm ≤ Vx ≤ 0.4 cm
−0.5 cm ≤ Vy ≤ 0.5 cm
−580.3 cm ≤ Vz ≤ −578.7 cm

Track cuts:

Iflag = 0

Npoints ≥ 30
(for the whole detector)

Ratio Npoints
NMaxPoints ≥ 0.5

ZFirst ≤ 200

Impact parameters:
|Bx| ≤ 2, |By| ≤ 1

dE/dx cuts for particle
identification

ptot cuts (via dE/dx cut)

rapidity cut
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NA49 analysis – applied cuts and particle ID
Cuts based on the standard set of event & track cuts used in NA49
experiment [Anticic et al., PRC,83:054906 (2011)]

Beam components merged for analysis in “Si”+Si, “C”+C

Quality cuts to minimize split track effect

Proton identification through cuts in particle energy loss dE/dx vs pTOT :

Inclusive dE/dx distribution fitted in 10 bands of log[pTOT /1GeV/c]
Fit with 4 gaussian sum for α = π,K , p, e
Probability for a track with energy loss xi of being a proton:
P = f p(xi , pi )/(f π(xi , pi ) + f K(xi , pi ) + f p(xi , pi ) + f e(xi , pi ))
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Split tracks & the qinv cut

Events may contain split tracks: sections of the same track
erroneously identified as a pair of tracks that are close in momentum
space.

Intermittency analysis is based on pairs distribution ⇒ split tracks
can create a false positive, and so must be reduced or removed.

Standard cuts remove part of split tracks. In order to estimate the
residual contamination, we check the qinv distribution of track pairs:

qinv (pi , pj ) ≡
1

2

√
−(pi − pj )2,

pi : 4-momentum of i th track.

We calculate the ratio of qdatainv /qmixed
inv . A peak at low qinv (below

20 MeV/c) indicates a possible split track contamination that must
be removed.
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Simulating non-critical Be+Be – EPOS

Simulation parameters:
1 7Be (beam) + 9Be (target)
2 Beam energy: 150A GeV (target rest frame) ⇔ √sNN = 16.8 GeV
3 Central collisions ⇒ bmax = 2.0 fm
4 Total number of simulated events: 200K

bmax #events 〈p〉|pT |≤1.5 GeV , |yCM |≤0.75 ∆px ,y

Non-empty With empty

2.0 200,000 1.41± 0.69 0.66± 0.85 0.42
1.8 162,231 1.43± 0.70 0.69± 0.87 0.42
1.6 128,216 1.44± 0.71 0.72± 0.88 0.42
1.4 98,137 1.46± 0.73 0.74± 0.90 0.42-0.43
1.2 72,267 1.47± 0.73 0.76± 0.91 0.42-0.43
1.0 50,093 1.48± 0.74 0.78± 0.92 0.43
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Simulating non-critical Be+Be – EPOS, y vs pT

〈p〉 in mid-rapidity remains low, except for very central collisions
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Simulating critical Be+Be – CMC baryon

Parameter pmin (MeV) pmax (MeV) λPoisson Tc (MeV)

Value 0.85 1200 0.76 163
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Be+Be – Event & Track cuts

Event cuts

Target IN/OUT,

BPD status,

BPD extrapolation,

Beam position,

S1 vs. Z,

BPD charge vs. Z,

Z off-time,

WFA particles (4.5 µs),

WFA interaction,

T2 trigger,

Vertex track fitted to the main
vertex,

Vertex fit quality = ePerfect,

Fitted vertex position −580± 15
cm.

Centrality 10%

Track cuts

Track status,

Charge ±1,

Impact point
[±4cm;±2cm],

Total number of clusters,

VTPCs+GapTPC clusters,

dE/dx clusters,

proton selection
(dE/dx vs ptot cut)

3.16 GeV/c ≤ ptot ≤
100 GeV/c
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Be+Be – All Event cuts – statistics

# events
Target IN

Upstream Cuts

T2 triggers
Fitted vtx status ePerfect

Vtx has good position
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Be+Be – Centrality – statistics
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Be+Be – Track cuts – statistics

good track
Good charge

# TOT clusters > 30 

# VTPCclusters > 15 || GapTPCclusters > 4

# dEdx clusters > 30

Impact Parameter
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Be+Be – dE/dx vs ptot cut (proton ID)
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 cuts
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dE/dx vs p

Avoid ptot region where Bethe-Bloch curves overlap
(3.16 GeV/c ≤ ptot ≤ 100 GeV/c)

Everything below proton Bethe-Bloch accepted

Selection band based on contour between p,K Bethe-Bloch curves.

(Ideally, dE/dx 4-gaussian fits should be used in ptot-pT slices – e.g.
M. van Leeuwen’s code. Not used due to time constraints – results
should be taken with a grain of salt!)
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Be+Be – qinv distribution of proton pairs & qinv cut

Distribution of qinv pairs comparable to NA49 “C”+C, “Si+Si @
158A GeV
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The same cut of qinv ≥ 25 MeV/c as in NA49 data sets applied.
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Be+Be – ∆pT distribution of proton pairs (after qinv cut)
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Be+Be – Comparison of data with EPOS simulation

pT & mean proton multiplicities of data & EPOS almost coincide.

EPOS – proton pT statistics

bmax #events 〈p〉|pT |≤1.5 GeV , |yCM |≤0.75 ∆px ,y

Non-empty With empty

1.0 50,093 1.48± 0.74 0.78± 0.92 0.43

7Be + 9Be NA61 data – proton pT statistics

Centrality #events 〈p〉|pT |≤1.5 GeV , |yCM |≤0.75 ∆px ,y

Non-empty With empty

10% 166,215 1.48± 0.74 0.82± 0.92 0.38 - 0.49

“Noisy” CMC simulations calibrated for EPOS can be reused with
Be+Be data safely.
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7Be + 9Be – distributions
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Simulating non-critical Ar+Sc – EPOS

Simulation parameters:
1 40Ar (beam) + 45Sc (target)
2 Beam energy: 150A GeV (target rest frame) ⇔ √sNN = 16.8 GeV
3 Central collisions ⇒ bmax = 3.5 fm
4 Total number of simulated events: 100K

bmax #events 〈p〉|pT |≤1.5 GeV , |yCM |≤0.75 ∆px ,y

Non-empty With empty

3.5 100,000 5.3± 2.5 5.3± 2.4 0.490
3.0 73,452 5.6± 2.5 5.7± 2.5 0.495
2.5 50,891 5.9± 2.5 6.0± 2.5 0.495
2.0 32,591 6.2± 2.5 6.2± 2.5 0.500
1.5 18,345 6.4± 2.6 6.5± 2.6 0.500
1.0 8,285 6.6± 2.6 6.5± 2.6 0.500
0.5 2,032 6.7± 2.7 6.8± 2.7 0.500
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Simulating non-critical Ar+Sc – EPOS, y vs pT

〈p〉 in mid-rapidity acceptable for bmax ≤ 3.5

y
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

pT

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0

2

4

6

8

10

= 1.0 fm)
max

), b
T

/(dy dppN2d

y
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

pT

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0

2

4

6

8

10

= 1.5 fm)
max

), b
T

/(dy dppN2d

y
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

pT

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0

2

4

6

8

10

= 2.0 fm)
max

), b
T

/(dy dppN2d

y
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

pT

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0

1

2

3

4

5

6

7

8

9

= 2.5 fm)
max

), b
T

/(dy dppN2d

y
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

pT

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0

1

2

3

4

5

6

7

8

9

= 3.0 fm)
max

), b
T

/(dy dppN2d

y
-2.5 -2 -1.5 -1 -0.5 0 0.5 1 1.5 2 2.5

pT

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

0

1

2

3

4

5

6

7

8

= 3.5 fm)
max

), b
T

/(dy dppN2d

N. Davis (IFJ PAN) Searching for QCD critical point August 10, 2017 45 / 22



Simulating critical Ar+Sc – CMC baryon

Parameter pmin (MeV) pmax (MeV) λPoisson Tc (MeV)

Value 0.41 1200 5.3 163
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Can jets “fake” intermittency effect?
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*[ K. Werner, F. Liu, and T. Pierog,

Phys. Rev. C 74, 044902 (2006)]

EPOS event generator* includes
high-pT jets ⇒ possible spurious
intermittency by non-critical protons.

We simulate 630K Si+Si EPOS events:
1 Z=14, A=28, for both beam and

target
2 bmax = 2.6 fm ( 12% most central)
3
√
sNN = 17.3 GeV

4 Rapidity cuts as in NA49 data

Intermittency analysis (data & mixed
events) repeated for EPOS.

EPOS clearly cannot account for
intermittency presence ⇒ ∆F2(M)
fluctuates around zero.
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