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Domain-Wall Fermions [kapian, 1992]
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[[d#7][dy]exp(-¥D,,¥)=detD, D

N, > o0, S —>L D.y. +7.D, =0, Exact Chiral Sym.

N

At finite N, S is not equal to the optimal rational approx.



Optimal Rational Approximation for Square Root

For the inverse square root function, the optimal rational

approx. was obtained by Zolotarev in 1877.
L e[

Jx
R&n—l,n) ( X) _

2N 1 H,:l(l"'x/czl)
1+ A M Hlnl 1+ X/C2|—1)

() (x) = 24 1 H (1+x/c,)
Z
1+ A m Hl:l ]__|_ X/C2|—1) ‘
where 4,A,m,M,C,,,C,,_,,C,,C,_,
are expressed in terms of the Yegor Ivanovich Zolotarev
_ o _ (1847 —1878)
Jacobian Elliptic functions.
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Salient Feature of Optimal Rational Approximation

1-xR"™ (x)

Has (n+m+2) alternate
change of sign in | x,;,, X | »
and attains its max. and min.
(all with equal magnitude)

In the figure, N =M =6
It has 14 alternate change
of sign in [1,1000]
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Optimal Domain-Wall Fermion
[ TWC, Phys. Rev. Lett. 90 (2003) 071601 ]

NS

Aodvvf = Z lex,s |:( | + Ps DW)X,X’ 55,3’ B ( | — Oy DW)X’X' (P—5s’,s+1 + P+5s’,s—1):| Wys

s,s'=1 x,x’

E\TlDodwf\P 4
D,=> 7t ,+W-m;, m,e(0,2)
u=1

! l !
tﬂ (X’ X ) = E':U,U (X)5X',X+u _U; (X )5X',X—ﬂ:|

4
/ 1 [}
W (X,x')= 25[25x,x' ~U,, (X) 80 ~U L (X) 50, |
ﬂ:
with boundary conditions

Py (x,0)=-rm Py (x,N;), m,:bare quark mass

+

Py (XN, +1)=—rmPy(x1), P, :%(li ve)
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Optimal Domain-Wall Fermion (cont.)

The action for Pauli-Villars fields is similar to A)dwf

N —
APV = Z Z¢x,s |:( | + Ps DW)X,X’ 53,3’ B ( | - Oy DW)X,X’ (P—5s',s+1 + P+5s',s—1):| ¢x',s’

s,s'=1 x,x’

but with boundary conditions: P ¢(x,0) =-P.¢(x,N,),
Pg(x,N,+1)=—P ¢(x,1)

» In the original formulation of ODWF, p, =0, = @,
L
A

min

W, = \/1—1<’25n2(v5;/c'), s=1,---,N,

where sn(v,;«") is the Jacobian elliptic function with argument Vs
ar;d modullzjs K = \/1_,1rf“n//1niax , :
A and A are lower and upper bounds of the eigenvalues of H.,

min




Optimal Domain-Wall Fermion (cont.)
[[d7][dw][ dg ][dg]exp(~Ay — An) = detD(m,)

The effective 4D Dirac operator
D(m,) =m, +(m —m, /2)[ 1+ 7S, (H,,)

1- Hsl S T :1_a)us
1+Hsl s S 1+a)sHW

HRIM(HZ), Ny =2n

W

SOPt (H )

H R (HE), N, =2n+1

L)

Zolotarev optimal rational approximation for L
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Optimal Domain-Wall Fermion (cont.)

> For p,=cw,+d, o,=cw,—d, c,d (constants)

The effective 4D Dirac operator becomes

m cH
D(mq) = mq +£mo(1_dmo)_ 9 j[1+7/580pt(H):|’ H = 1+d7/5HW
1T T only d =0 is good

_ 1-wH
= N TS =
1+H T 1+ o H

HRI™(H?), N, =2n

for the projection of
low-modes of D(0)

HR™(H?), N, =2n+1
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Optimal Domain-Wall Fermion (cont.)

» For the special case ps=1 o,=0

It reduces to the conventional DWF which does not have the
optimal chiral symmetry.

D(mq):mq_l_[ 0(2 m)—%)[l+75 polar

1-T™
S (H)= T =
o (F) 1+T™ 1+ H
([2& b
H — — |, N, =2n
(Ns;HZ_Fde S
1 23 b
H( +—> — j N, =2n+1

N. N SH?+d

S

( :| 2+75H
1-H

Polar approximation



Axial Ward ldenity in Lattice QCD with ODWF

Ns+3

Af - Z Z&S(I){(ps‘aw + ]I)Lﬁ"éﬁfsf + (G_SDT_U - ]I)mg’(P—ésﬂs—!—l —+ P+6s’15—1)}¢5’($;):

5,5 =0 z,z

with boundary conditions

Poap(x,—1) = —rm Pz, Ny + 3),
P Yz, N +4) = —rm, P _o(z,0),

Transparent layers:  po=pw42 =00 = owqs = 0

[TWC, hep-lat/0303008] Pn = Pnp1 = 0pn =0p41 =0 n=][N,/2

The quark fields are defined in terms of the boundary modes

g(z) = /1 [P_tpo(z) + Pripy.13(z)],
§(x) = /r [Yo(2) Py +n,pa(x) P_] .



Axial Ward ldenity (cont.)

Now we consider Ny flavors of quarks with degenerate mass m,, and the infinitesimal

flavor non-singlet transformation

53:(x) = 6, (1), (x)
59,(x) = —i6,(x)X° 3, ()
1],

—8(z), n+1<s< N, +3.

8(z), 0<s<n, n

fs(x) = <

Here A® is one of the flavor group generators in the fundamental representation
No+3

0 Z ZPS ¢S($)}‘a (x, y)’%(yﬂ ZEQ(I)ZA#;’S&(‘T)

s=0 =»r.
N_+3

63 [N P (@) = B @ Pans(8] = = X 2O 1) + g0 s4(a)

N—I—B

53 0 {B@ Dule, ) [Pt (v) + P (@)} = S i0(2) S Ake ()

s=0 x4



Axial Ward ldenity (cont.)
Jg(@,m) = —ho(@)A° P_thyy1 (%) + Prg1 (2)A° Pyt ()

N, 42 |
j;(l‘) = Z sign (n — 5+ 5) j;(&t‘} $)

s5=1

72(2,8) = 2 [Ju@A (L~ U@z + 1) — Bule + A (L 7 UL @) ()]

ki(:r) = kiJr(:r) + kz_(m)}
N.+2

" |
kii(;r) = Z sign (n — s+ 5) k‘ii(m, S

s=1
9

ki@, 8) = 5 [0e()X (1 = 1) Uu(@) Parbor (2 + 1) — (@ + A (L + 7)U @) Pathom (2)]
Je(z) = ki(z) + 7%(@)

Apflz,s) = flz,8) — flz—p8)



Axial Ward ldenity (cont.)

For any observable O, §*(0) = 0, which gives the axial Ward identity
Au(Ji(@)Oy)) = 2m(g(z) A y5q(x) O(y)) + 2(J5 (2, n)O(y)) + 1{*O(y))

As N; — o0, the anomalous term (JZ(zx,n)O(y)) vanishes if

O(y) only involves the quark fields [Furman & Shamir, 1995]

After summing over all sites x
—i > (8*O(y)) = 2my > (@@ 5q(2)O)) +23 (JE(z, n)O(y))

Thus, the effect of chiral symmetry breaking due to finite /N, can be regarded as an additive

mass to the bare quark mass m,, the so-called residual mass

Y TR (x, n) Oy))
TMaes [O(y)] — Em @(m)}\a"}%Q‘(I)O(@’)}

dependenton O, and y



Axial Ward ldenity (cont.)

Summing over all sites y in the AWI gives the global residual mass

D (5 (2, n)O(y))
Y@ @)X ysq(2)O(y))

For O(y) = g(y)A’ysq(y)  pseudoscalar
) = D@ ey
- D@ @A (@)q(y) Aysq(y))

Yo SE(E, (YA s q(Y))
Y e AU )X y5q(2)q (1) Aysq(y))

which are usually used as a measure of the chiral symmetry breaking due to finite N,

M, ..[0] =

local

M. = global




Generating Functional for n-point Green’s Function

Use the transformation

— (P—ésﬂﬁ + JP—I—‘:SS“'?S—I)(&S“r = ¢S — (P—é‘s*’?s + P_|_(SSF?S_|_1)?’}'S;
ﬁs — &S?%Qi = @55 — ﬁs(@s_)_l’.}%
j:—JOSH _P:|3+G'_SHP + 1

s _HS
@i =

5 — (,05 + gs)Hw[Q + (305 55)751{*&1]_1

No42
Ar = To(P-— rmgPmo — oo + > [ — 7 T2 1e]
5=1
N 42NN 42 — e Py — rmg P )no,



Generating Functional (cont.)

Including external sources

ﬁnjn _I_ jn—l—lnn—l—l _I_ ﬁn—l—l Jn—l—l:l J = \/;Jif
jqurq_JqZjﬂm—ﬁop+~?+ﬁw5+ap—i jE\/r':jcr

21y Ty T oy Tuss) = [ ldid)e

Sr=Ay — Ino + G0Pyd — Gndn — Joi 1M1 — Mot dng1 — v, s P_J

7 is the Jacobian of the transformation

N.43

J = || detlw(p.HuP- + c.Hu Py — 1))
5=l



Generating Functional (cont.)

Integrating (77,,7,) successively froms=N_,+3t0s=0:

Z[Jq:h jcf:- Jm Jﬂ—l—l} jn—l—l]

= K det|r(D. + m,)| exp {jnHT{}lP_J + Jpi1Jpr1 +
-+ [j + jnHTﬁl(PJr — rqu_)} (rD, + qu)_l J + f‘lJn - f‘lJnH} }

T = f[T;l
o
=]

s=n+1
N_+2

= || 7t =1y
s=1

T = (P +T'P)' T
K= Jdet[-P, +T 'P]

11479
p, =1

rl— S

Ne+3
& = 1_1_[5:3_ ’_‘FS




Generating Functional (cont.)

(I) The valence quark propagator

1 5°Z

(@) = -5 AT = (D, 4+ mg) "Nz, y)

(IT) The mixed correlator of the first kind
_ 1 &7
= \/_(TD + rmg) (— P +T_1P_)_1 T
T
T-1+41

= = \TD (Mg )5

D™Hmg) = (14+rD)(D.4+mg) ™ =1 + (1 —rmy)(D. + my)™"

the sea quark propagator



Generating Functional (cont.)

(III) The mixed correlator of the second kind
1 A
4 @)r1(y)) = —— =
< ( )?? —H( )> Z(SJ@(:E)(SJ”H(@*) ;
— F(rD,+rmy) "t (=P + TP T

—%D_l(mq)f}% TEL_ 7 = (@)

AT
(IV) The mixed correlator of the third kind

_ 1 527

10 2L LY — T =7
<TF+ ( ) ( )> Zﬁjﬂ+1(1)5fg(y) ;
= Tt (—rm,P_ + P (r Dy + rmy) " /r + T P/

.1 1+ rm B ST B
et g 1 _ 1
= 1y NG (1 k. ng'm) D™ (mg) — 57— quTU Vs




A New Formula for the Residual Mass

Mros (7)) = > 8 (2, n)q(Y)A 54 ()
> ta(@) A ysa(2)a(y) Aysq(y))

> (@ @)Xy q(2) g (3)A s ()

= —trr(A* 2t pe{[(D. + my) "N D, + my) " Hy, v)

> (T, n)d@)Asa(y)) | e (@ 1) = — (D)X Potbug (2) + Y1 () A Pyapy()

= (A {zu (0l P s (@0)%) ~ 2 a0 ) P <m>q<y>>vﬁ]}
= (A2 Y tr((a(®)7 (@) (o (2)3(w )]

= () { (D mg)] (1 — D (m (v, )



A New Formula for the Residual Mass
ond(y) = > T (2, )G (y) A ysq ()
Yo Aa(@)Aysg(z)a(y) Aoysq(y))

_ 1 te{[D~Ym )1 = 8D (m,) Wy, v)
dr tr{[(D. + m,) "D, + my) Ny, v)

D™(m,)=r+(1-rm,)(D,+m,)": seaquark propagator
(D, +m,) " : valence quark propagator

1 Tr{[D~ 1 (m)]1(1 — SH)D~Y(m,)}

Myes = Tr{[(D. + my)~1(D. + my)~'}

However, it is tedious to use these formulas to compute the residual mass
since they involve the multiplication of

S = (- [LTHA+ LT = HYL b(H +d)

to the columns of the sea-quark propagator, requiring multi-shift CG.



A New Formula for the Residual Mass (cont.)

tr{[D™H{mg)](1 — %) D~ (my) Hy, v)
= tr {[D7(m)]' D™ (my)} (y,4) — tr {[SD™"(m)]" (D™ (my)) } (3, ¥)

Using

S = e {QTD(mQ) — M _ 1]

1 —rm,

2 |
] — ::m N 11?1‘0(%)_1
q g

SD(mg ™ = |
= s [fr — (1 4+rmy) (D. + mq)_l} .
tr {[SD™ (m ) (SD™ (my)} (3, 9)
=711 — 2r(1 +rmy)Re tr(D, +m) (v, v)

1+ rmg)*tr{[(De + my) 1N D + me)” 1, 9).



A New Formula for the Residual Mass (cont.)

Using
D7 (mg) = (1 +rD)(De +mg)™ =1+ (1= rmg)(De +my)™
tr { [0 (mg)]' D™ (my) } (v, 9)
= r*trT + 2r(1 — rmy)Re t1( D, + my) ' (v, )
1 = rme)*ir {[(De +m) ] 1(De +m) ™} (3,9)

Thus
tr{ D (mg)] (1 — S*) D~ (my) My, v)
= 4r Re tr{(D. + my) (3, %)} - drmetr{[(D. + mg) 1" (D. + my) ' Hy, v)

) Betr{(De+ m) (w0}
res tr{[(D. + m )N (D, +m )|y, y)}

which immediately gives the residual mass once the 12 columns of

(D, + m,) '{z,y) have been computed.



An Upper Bound for the Global Residual Mass

I Tr{[D~ (m )1 (1 — SH)D~Y(my)}
dr Tr{[(D, + m,) "D, + my)~1}

_ Re Tr{(D, +m,) '}
Tr{[(D: +mg)'(De +my)] 71}

M?“ES —

_ _ ~1
Tr{[D(mg) |1 = 8D (mg)} = Tr{(1 = S)D'D) (mg)} <> b,
7
von Neumann's trace inequality
a; and B; are the eigenvalues of (1 — S%) and (D1D)"'(m,) respectively

For ODWF, § = S,.;, |a;| < 2dz. Thus

Tr{[D(my) ]! (1 — $2,)D 7 (my)} < 2dzTr{(D'D)™ (m,)}.



An Upper Bound for the Residual Mass (cont.)

dz  Te{[D(m,) D (m,)}
Mres = 0 T T g 1(Ds + mg) 1)

D™ (my) = (14 7DDt my)™ = v+ (1— rmg)(De +my)™

Aj =1+ (1= rmg)g;
¢; is a singular value of (D), + mq)—l

) is the corresponding singular value of D' (my)

Zj ‘}‘j‘g

(Re(§)) , r*
> 1642 -

deiy el

= {1 — qu)g + 2r(1 — rmy,)

(€% E]mg (Re(£)) = Ej%@

N 1z the tots]l number of singular values of (DC 4+ mg) 7}



An Upper Bound for the Residual Mass (cont.)

Te{[D(mgy) ' |'D " (mgy)} (1= rmg)? + 2r(1 — rmy)

, ) (Re()) 1
* Te{[(D. + m) D+ my) ]

ey el

dz

2r

(Re(s)) 17

= Mus EEE

(1— qu)g + 2r(1 — rmy)

Thus, to obtain the upper bound of M,.. amounts to working out

(i) an upper bound for (Re(&))/{|£]*)
(i) a lower bound for {|£|*)

It can be shown that

(Re(&)) o (1+m)dz
€n ="t 2- (- myd

re 2—(3—m)dz
IEF) = l+m |2m+ ({1 — m)?dz




An Upper Bound for the Residual Mass (cont.)

dz 0 (1 + qu)dg
M,.. < —<(1— ar(l —
=T p— T {( Tmt}‘) + TI: qu) [qu + 2 _ (3 _ qu)dg
2rmg + (1 — rm,)%dz
2—(8—rmy,)dg

Hirmg) |

For hght quarks, rm, <1

For ODWE, d7 < 1 in most cages

d d
M,es < 2—2 (14 27°my)* (1 — rmy) + 2r°m] = Q—ZF(T‘:, My)
r r

Mres{dZ/(QTH_l — F(T?mtl‘)
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An Upper Bound for the Residual Mass (cont.)

It is clear that the derivation also goes through for the conventional DWF
with nonzero weights p, = ¢;(constant) and o, = cz(constant)

by replacing ||1 — S, || < dz with ||1 — Spoar|| < Aprae

A, can be determined for given A, and A,...

Amm

2r

M‘?"ES g

B 5 B (1 4+ rmy)A e
{(1 rmg ) + 2r(1 — rmy) {rmq + > (3 qu)ﬁmaz]

2rm, + (1 — rm. )AL
+(1 4 rm,) { Qq_ (3(_ — )'i ]}
G RO

if A,.. is sufficiently small

Myes[Amaz /(20)]7 R F(r,my) universal for any DWF



An Upper Bound for the Residual Mass (cont.)

How does the residual mass depend on the quark mass ?

Consider p, =cw,+d, o, =Cw, —d, with
H=cH (@+dy.H )", r=[2m,(1-dm,)]™"

(c=1,d=0, H=H_ r=1/(2m,)
(ii)c=1/2,d=1/2, H=H (2+yH, )", r=[m,(2-m)]"
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An Upper Bound for the Residual Mass (cont.)

1.00 - H=H,
iy =18
r=027770
— 099 -
4
TF
=
i
0.95
=
0.97 -
0.00 0.02 0.04 0.06 0.0 010

rmq



An Upper Bound for the Residual Mass (cont.)

Mres (dz/2r7

0.00 0.0z 0.04 0.06 0.03 010
1T
H

T.W. Chiu, May 16, 2012
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Concluding Remarks
> Axial Ward identity is derived for LQCD with ODWF

> Z[J] for n-point Green’s function is obtained

> A practical formula for the residual mass is obtained

> An upper bound for the residual mass Is obtained

* |t provides a guideline for designing simulations with DWF
 The normalized residual mass is expressed as

B 2 2 2
F(r,m,)=(@+2r'm)@—rm,)+2r°m
which is universal for any DWF with sufficiently small A,

> The residual mass of quark for any observable O
should be measured respectively.
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