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Optimal Rational Approximation for Square Root 

For the inverse square root function, the optimal rational 
approx. was obtained by Zolotarev in 1877.  
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Salient Feature of Optimal Rational Approximation 

In the figure, 
it has 14 alternate change 
of sign in [1,1000] 
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( )log x
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Optimal Domain-Wall Fermion 
[ TWC, Phys. Rev. Lett. 90 (2003) 071601 ] 

with boundary conditions 
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Optimal Domain-Wall Fermion (cont.) 

but with boundary conditions: 

The action for Pauli-Villars fields is similar to 

 In the original formulation of ODWF,   

where                 is the Jacobian elliptic function with argument  
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Optimal Domain-Wall Fermion (cont.) 

The effective 4D Dirac operator 
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  For    

Optimal Domain-Wall Fermion (cont.) 

,  ,     ,  (constants)s s s sc d c d c dρ ω σ ω= + = −

The effective 4D Dirac operator becomes 
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  For the special case    

Optimal Domain-Wall Fermion (cont.) 

1,  0s sρ σ= =

It  reduces to the conventional DWF which does not have the 
optimal chiral symmetry. 
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Axial Ward Idenity in Lattice QCD with ODWF  

Transparent layers: 
[TWC, hep-lat/0303008] 
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Axial Ward Idenity (cont.)  
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Axial Ward Idenity (cont.)  
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Axial Ward Idenity (cont.)  

[Furman & Shamir, 1995] 

dependent on O, and y 
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Axial Ward Idenity (cont.)  

Summing over all sites y in the AWI gives the global residual mass 

pseudoscalar 

local 

global 
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Generating Functional for n-point Green’s Function  

Use the transformation 
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Generating Functional (cont.)  

Including external sources 
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Generating Functional (cont.)  

Integrating ( , ) successively from 3 to 0 :s s ss N sη η = + =



T.W. Chiu, May 16, 2012 19 

Generating Functional (cont.)  
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Generating Functional (cont.)  



T.W. Chiu, May 16, 2012 21 

A New Formula for the Residual Mass  



T.W. Chiu, May 16, 2012 
22 

A New Formula for the Residual Mass  

However, it is tedious to use these formulas to compute the residual mass 
since they involve the multiplication of 
 
 
to the columns of the sea-quark propagator, requiring multi-shift CG. 

1 1( ) (1 )( ) :  sea quark propagatorq q c qD m r rm D m− −= + − +
1( ) :  valence quark propagatorc qD m −+
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A New Formula for the Residual Mass (cont.)  

= 

Using 
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A New Formula for the Residual Mass (cont.)  

Using 

Thus 

= 4r - 4 



T.W. Chiu, May 16, 2012 25 

An Upper Bound for the Global Residual Mass  
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An Upper Bound for the Residual Mass (cont.)  



∴

∴
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An Upper Bound for the Residual Mass (cont.)  

∴

(i) 
(ii) 

It can be shown that  
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An Upper Bound for the Residual Mass (cont.)  

=
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An Upper Bound for the Residual Mass (cont.)  

It is clear that the derivation also goes through for the conventional DWF 
with nonzero weights  

≈ universal for any DWF 
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An Upper Bound for the Residual Mass (cont.)  

s s
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5 0 0
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How does the residual mass depend on the quark mass ?

Consider  ,  ,  with
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An Upper Bound for the Residual Mass (cont.)  
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An Upper Bound for the Residual Mass (cont.)  
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Concluding Remarks 
  Axial Ward identity is derived for LQCD with ODWF 

  Z[J]  for n-point Green’s function is obtained 
  A practical formula for the residual mass is obtained 

  An upper bound for the residual mass is obtained           
•  It provides a guideline for designing simulations with DWF 
•  The normalized residual mass is expressed as  
 
 
    which is universal for any DWF with sufficiently small    

2 2 2( , ) (1 2 )(1 ) 2q q q qF r m r m rm r m= + − +

max∆

  The residual mass of quark for any observable O  
    should be measured respectively.             
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