New fermion discretizations
and their applications
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1. FlaVOI‘ed IMASS  creutz, Kimura, Misumi(2010)

My = Z C, Vector (1-link)

X L 2aTehOe |
Mt = 54 ;4 C.Cy, Tensor (2-link) ——__ " ‘; ;
perm. sym. IR : .
w o Y ):“"'“‘":. R g I¥E, .:":"";:( )
Ma = > > | | Cu, Axial-V (3-link) I o ol
perm. sym. 2 15 -1 05 leGp;r! 05 1 €

4
Mp = Z H Cl, Pseudo-S (4-link)

sym. u=1
* gamma-35 hermiticity

« 2nd derivative terms Y Un(Mp—1)h, — —a / d'zy(z) Dy (x) + O(a?)

* Cousins of Wilson fermion
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Naive =D Wilson” 2> Domain-wall
O 1 ()
Flavored-mass VCTI ap

l Spin diag. lSpin diag.

Staggered =» [ St.Wilson = St.Dm-wall
Flavored-mass StOverla




o Staggered-Wilson

1, C1CoC5C1, n £ Xo (e n2mznaCiCoCsCy) X |Staggered flavored-mass

spin diag.
S I 7] Golterman, Smit (1984) Adams(2009)
+ With mass shif
Mp:olg g < > With mass shiit
B oosp &s=-1 — physical sector :
N
st Es=+1 — decoupled sector : |,
1 05 0 05 1
Real part
Aoki phase
BR
* Index theorem Adams (09), Creutz,Kimura,Misumi(10), Follana, et.al.(11) | \

- Aokl phase Creutz, Kimura Misumi (11)

§ Potential advantages of 7,Du + (1 + Ma)

* could reduce numerical costs in 2-flavor overlap de Forcrand, Kurkela, Panero(2012)

* could reduce influence of taste-breaking for 2-flavor  sharmpe (2012)

—~—

Look into symmetries and pion spectrum !



§ Staggered sym. {Cy, 2, I,, Ry} x {U(1)}meo = {Cy,=;, I, Rij}

Transfer-matrix sym.

+ classify 15 pseudoscalar operators Golterman (1986)

ct.) ChPT by Lee, Sharpe (1999) 1 . &

1 : '
£4a 5457 557 7 irreps 4 irreps of SO(4) upto 4 : &, &us,

3 : &, &5, Sij&ia O(a*), O(a®>m) O(a%p?) 6 * Suv-

§ Staggered-Wilson |{Cy,Z),, R, }| = {Co,E}, Ri;} Transfer-matrix sym.
¢ p SW,4

[rreps mix in &5 pairs Physical sector
1 & & — 00, b —>lpol)]n
=> & & &s — Ih, R
ia & &ias —> lol | hojh — (s ®0:){ TO, T+ States in 3d irrep

&o& s — Zo'jh7 iLO'jf Sharpe (2012)

-

Discrete symmetries seem sufficient for degenerate pion triplet!
cf.) ChPT — SU(2) restoration upto O(a*), O(a?m) O(a?p?)
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Naive = Wilson” = Domain-wall

Flavored-mass \ OVGI’I ap(’)
lspin diag. Central-branch
St.Dm-wall

Staggered < | St.Wilson =
Flavored-mass S t o OVGI‘la




2. Central-branch

Creutz, Kimura, Misumi (2011)
Kimura, Komatsu, Misumi, Noumi, Torii, Aoki (2012)

* Wilson w/o0 onsite term My =m +4r =0

Im A

Z % T wac—l—,u (- ,u) (¢:U—|—,u + ¢w—u)]

* Another U(1) !

ie(_l)azl—{—m2+m3—|—x4 — — ie(_l)m1+w2—{—a§3—|—m4
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2. Central-branch

Creutz, Kimura, Misumi (2011)
Kimura, Komatsu, Misumi, Noumi, Torii, Aoki (2012)

* Wilson w/o0 onsite term My =m +4r =0

Im A

Z % T wx—l—,u (- ,u) (¢:U—|—,u + ¢w—u)]

* Another U(1) !

ie(_l)azl—{—m2+m3—|—x4 — — ie(_l)x1+w2—{—a§3—|—m4

Ve — € , W — YPge

poos

Fg?) < {14, }

Fgg) c (_1)nl—|—...-|—n414 ’ }

\ Prohibits additive mass renormalization !
SSB gives NG boson !




¢ Strong-coupling QCD

2M3, (16 + Mg,) NG boson associated

cosh(mspa) =1+ 16 — 15M3, with SSB of U(1) A

* Pion (eta) condensate (1;751#} =0 _ 7
— <
* No chiral condensate (1)) = 0 vy Ysv A\ A
Aoki phase

§ Advantages

* No additive mass renormalization (no fine-tuning) Yy < Pyt change of mass base

- SSB of U(1) and massless NG boson 6-flavor massless QCD

§ Potential drawbacks

* sign problem
- U(1) problem » Twisted-mass works ? — [ 2-flavor massless QCD

* Quark mass

New possibility of many-flavor lattice QCD !
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Naive = Wilson” = Domain-wall
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lspm diag, Central-branch
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FCP FCP-Wilson FCP Dm-wall
FlavOsts * FCP OVGI‘lap

Flavored-
chem. pot.
()

Naive = Wilson” = Domain-wall

Flavored-mass \ OVGI‘I ap(’)
lspm diag, Central-branch

Staggered < | St.Wilson ep >rDMWal
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3. Flavored chemical potential o,

Wilson Flavored chemical-pot. ,
* Real type — Sign problem
N A - @ @ © @ - * Imaginary type — No sign problem
0 2 4 6 8 0 2 4 6 Y I E ~ aor  Karsten(81)Wilczek(87)Creutz,
3 Mlnlmal dOZ/lbllng Borici(07)Creutz&Misumi(10)
Z(l — COS pu) 74 Z 1 — COS pj cf.)Bedaque, Buchoff, Tiburzi, Walker-Loud(08)
% J=1

Finite-mass system(Wil) =

< Finite-density system(FCP)

¢ Advantage

(D) UML)y xU@)a
» U(1) chiral symmetr (2) P
( ) y Y (3) CT
- 2 flavor possible (4) Cubic symmetry

¢ Drawbacks
* O(1/a) chemical potential renormalization

* Tuning a parameter even for finite-u QCD

Aoki phase-like structure

7 6 5 4 3 2 -1 0 1
Creutz & Misumi(2012)



¢ Finite (Z 1“) QCD with FCP  Misumi, Kimura, Ohnishi (2012)

3
1 _ 1 - _
T 7=1

. 3
7 — ' o nly
Ty D e (200 = Uoi ¥ty — Usomjtho—y) + idathevathe
j=1

§ Strong-coupling study

Effective potential of o as a function of T, u and d3
9 2

3
Fett(o;m, T, pu,ds) = 59~ 3 log (1 + (ds + 3)2)

. 3\/50
— max ¢ 3 arcsinh S UB P -
2¢/1+ (ds + 3)?

* Chiral phase structure

» 1st and 2nd phase transition (m=0)

- 1st, critical point and crossover (m#0)

New possibility of (T,u) lattice QCD !
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4. Summary

1. Flavored-mass terms give us new types of Wilson and
overlap fermions.

2. Staggered-Wilson can be an alternative Wilson and overlap for
2-flavor QCD (3 degenerate pion spectrum)
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Adams-type flavored mass

= ~ATa~ T3 T2 x1 . x1+1_ xot+1l_ x3+1_ x4+1 o
XzVa V3 V2 Y1 Y1 V2o V3T Va4 Xgp+i+943414

$2—|—£U4— N N ~ ~
1) Xz V5 Xg+142+344 (75 diagonalized)

— Xz €MN2M3M4X 41454344

Vay 154314

Hoelbling-type flavored mass  ocivling 2010), de Forerand 2010)

* spin diagonalization

VeVyrirs + Valpigia = (1" a2 Xagigs + (1) Xe V374X 0t 544
— EX2L€12M M2 X 4115 T Xal€34M3M4X 14344

% two terms simultaneously diagonalizable : [012, 034] = 0
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Hoelbling, PLB696, 422(2011) [1009.5362].



- Shift svmmetr broken to 2-link shift for S4
fi sy Y™ broken to 4-link shift for S

Sp Xa — Cp(x)X$+ﬁv Xz — Cp(x)warﬁv Uiz = Upztp S, o(p) — exp(ip,)Z, o(p)
- Axis reversal —> broken to shifted axis reversal
Tyt Xe = (=1)"X1zs Xo = (=1)"Xtw Upw = Upta Zp: ¢(p) — L,I'sZ,55 ¢(Ip)
. Rotation ,, remain in Sa
broken to subgroup in Su
Rpo s Xe = SRR Z)Xr12, Xo — SR(R™'%)Xr-12y Upe = Upre R,o: ¢(p) — eXp(ZFpI’U) exp(%EpEa) d(R'p)
. Conjugation remain in S4

broken in Sz

C: Xz — exiga Xz — _Exxz;a U,Lb,x — UZ,:{: C: ¢<p> — ¢(_p)T

Axis and Rotation — (I'y X SWy giag)



Details of StWil symmetries

{2, 1, Rt — TyxSW,

_,'u, ,LW} — Fg X SW4

Physical-sector symmetry

H/H/R :EjE4N(1®O'j)
= R34R E4IS ~ (’y4 X ]_)
CO:/Z:QLRQZL g C



Details of timeslice symmetries

Enlarged staggered sym : {Co, 20, Is, Ry, T/}/ 2}

— Tj/2 X

[1]

2 _
M—l

1C0, Eut X {Ruw, Is}] = (®;2nN,) % [T'g,1 x Wy

Timeslice sym : TJ/Q X [{Co, 2.} X {Rij, Is}] = (®;2n,) @ [T'41 x W3]

Relevant group at rest

F471 X W3 ~

v
Staggered-Wilson

{CO,E;L,RW,T,;W} -

{Rij, Zij} X 1Co,Z4,Z123, I}/ 22
{Rij, Rai = €ijuRirZr;} % {Co,E4, E123, CoZ4ls Y]/ Zo

SW4 X FQ’Q]/ZQ

:{Rijv E;g} X {007 Eilv E/1237 IS}]/Z2
{Rij, Rai = € Rji 2y} x {Co, 24, Z123]/ 22
SW4 X Fl,z]/ZQ




Dim3, 4: O(1©&p)Q Qv ®Er)D,Q for €p =1 or & » 0y, D,t, U

Dim5 O(a): Qo Fl @ Ep)Q  for £ =1 or &5 * EicwaWE

No unphysical term nor taste-breaking term up to O(a)

Dim6 O(&) : 2 types of four-fermi operators Cg FA) and Eg F(B)

In £§F<A) the spin and flavor independently forms scalar

N

25 operators with & pair — 50 operators

SA, SV, AS, VS, PV, PA, VP, AP, TV, TA, V1, AT, AA, PP, SP, PS, ST, PT, 1S, TP, VV, AA, VA, AV, IT

— No taste-breaking. No derivative terms. Contributes to potential Vg F(4)

In £6FF(B) the spin and flavor are not independent

' 10 operators with & pair — 20 operators

TV, 1A, VT, AT, VV, AA, VA, AV, TT+, TT-

— Taste-breaking. Derivative terms. No contribution to potential Vém F(B)

No taste-breaking in ChPT potential upto O(a?): SU(2)



‘ Central CU.SpS fOI' OthCI’ ﬂaVOI’Cd MasSScCS progress in NTFL workshop (2012)

* For other naive flavored mass terms

Ma : U(1) restored
M U(2) restored
Mr : U(2)xU(2) restored

* For staggered flavored mass terms

Ma : Ct=, Cr1l restoed

M+ : Cr restored AN
C: Xz —7 Xga Xz — ng Uﬂax - U;ax
7 = = / =
Cr = Ly CrEp rlu =l
Sst © © © © ° 7
S A X X X o © 0
Sk 0 X x 8 S °
Sm X o o X 8 °




3.2 Strong coupling analysis

Now we employ the strong coupling analysis to show that there appears an NG boson associated
with the U(1);, symmetry breaking in the presence of the pion condensate. An effective action
for mesons in the strong coupling limit [42,9,10] can be written in general as

Ser(M) = NCZ ZTr f(Ay,) +tr MM (n) — tr log M(n)| , (23)

Vn, Vn,
Augy = 2o,

c

o _ Tataoys?
Mny = LV

where N, is the number of colors, Tr ( tr ) means a trace over color(spinor) index, and M (n)
is a meson field. The explicit form of the function f is determined by performing a one-link

integral of the gauge field. More explicitly we can write

Vil = UnBitn, Vi =t Blvn, (24)
Tr f(Apy) = —trf(=Mn)(PH)"M(n+ p)(P,)7") , (25)

where 4 x 4 matrices P are specified later. In the large N, limit, it is known that f(z) can be

analytically evaluated as

14++v1+4+4
f(a:):\/l—i—llx—l—lnu:x

5 +O(z?).

(26)

However, in the following part of this paper, we will approximate f(z) as f(z) = x unless
otherwise stated because qualitative features such as an appearance of NG bosons remain
unchanged by this approximation.

To calculate meson masses we expand the meson field as®

M(n) =My + 75Tk, X €{S,P, Vo, A, T} . (27)
X
where M, is the vacuum expectation value (VEV) of M(n), and
14 5 Ya 1Y5%a YaVs
=" Tp=— Ty =2 'y = r 28
S 9 P 9 Va 9 Aa 9 Tup 2i (Oé < 6) ( )

Then the effective action at the second order of 7% is given by

SE o= N Etr (My'Tx My 'Ty) 7¥(n)r" (n) + > tr (Cx P, Ty PHa* (n)w” (n + f1)
- N [ S DD (), (29
where
Dxy(p) = %(ﬁxy(p)Jrﬁyx(—p)), (30)
Dyy(p) = %tr(MO_lFXMo_le)—i—Ztr(FXP/;FyP:)eip”. (31)

I

- +
In the case of the Wilson fermion, M = (m + 4r)14 = My1, and Py = % By taking

My = o1, + i7y5, we have

— My + /MZ +8(1 —1?)
g =

— M2 > M2
41— 12 1 v (32)
w 2 1 2 2 2 2
— = 8r® — M (1 Mz, < M
g 4T2 ’ n 16T4<1+T2)( r W( +r ))7 w c
8 4
where M? = 1_:7”2.

As discussed in the previous subsection, at My, = 0 we have an additional U(1) symmetry,
U(1);. Since this parameter regime resides in the parity broken phase, in which 72 # 0 and
M3, < M2, U(1) is spontaneously broken by the VEV of 7 in this case.

To compute the meson mass, we hereafter take r? = 1 for simplicity. Because D(p) is block-
diagonal, we concentrate on its submatrix Dxy(p) with X|Y € {S, P, A,}. Then, by setting

p=(m,m,m, 7+ 1imgspa ), we find that the S-P-A, sector mass mgp4 is given by

20M2,

h =14+ —7F.
cosh(mgpa ) + 6 TALZ,

(33)
Note that since the transformation (22) involves the site-dependent quantity (—1)"+ " it
is natural to expand the momentum p around (m, 7,7, 7). Eq. (33) tells us that the meson
becomes a massless NG boson at My, = 0 as expected. If we use the exact form of f(z) in the
large N, limit, we then obtain

2MZ, (16 + MZ)

h ~1
cosh(mspa) =14 =y

(34)

which again shows that a massless NG boson appears at My, = 0.



A. Effective potential

We first need to derive effective potential of meson fields including scalar one o from
(4) in the strong-coupling limit (¢*> — oo). We here consider general color number as N,
for SU(N,) gauge group and general space-time dimensions as D + 1. For the purpose
we perform the 1-link integral for the gauge field in the D-dimensional spatial part, and

introduce auxiliary fields to eliminate the 4-point interaction as

/DU1 -DUp exp [ ZZ (wxPJFU Vi — wxﬂp UT( )z )

z j=1

= exp [N Z (Ztr/\/l PJr TM(X+J)( ) ) +O(1/\/7)

/D0D7r4 exp [ N, Z < 1 + 7)o" + (1 — 7”2>7Ti>
— Etr (ma — iﬂwm) M(X)>] ; (5)

with
(7# +irvs) /2 (1 # 4)
Va/2 (n=4)

where we introduce the mesonic field as

PT =

W

(6)

1 _
Maﬂ(f) = ﬁ5ab¢g’a¢g’ﬂ- (7)

We note that two auxiliary fields ¢ and 7, are required to get rid of four-fermi interactions
in this case because of the Karsten-Wilczek term. m, condensate can be a signal of nonzero

effective imaginary chemical potential, and we will discuss on this later. We also note that



we dropped next-leading order of O(1/v/D) expansions in (5), which corresponds to large

D limit. We now have an intermediate form of the effective action from (4),

1 _ _ _
St = > [5 (Ge Vs (@) 148h041 = Ppae UL (@) vaths ) + o (1 +i(ds + Dr)a) b

+N.D (1 +7*)0? + (1 —r*)m3) + %D tr <\/1 +120 —iv1 — r27r474> M(X)] :
(8)

We here defined complex chemical potential as y = pgre + im. We make fourier transfor-

mation of the temporal direction (x4 = 4) by introducing Matsubara modes as,

. 1 - - o 1
iknT, 7. 7 —iknT, ],
i = e .z, i = e " Yz, kn=—\n—5)- (9
v, _NT; Ungr _NT; n, NT( 2) (9)
We here take Polyakov gauge and the link variable in the temporal direction is given by,
eubl(f)/NT
oi®2() /Ny Ne
Uy(Z) = _ L) @) =0 (10)
" a=1

1N (B)/N-

with ¢, defined as components of gauge fields. It enables us to calculate fermionic determi-

nant analytically as,

N. N.
Cc T D _ D
det D = HHHdet Km+ V1 +r2a) 1+ iy (sinkﬁj” +ds + Dr — 5\/1 —r%;)]

£ a=1ln=1

N Nr

= H H H det [B + 174 A sin I%SL“)}

£ a=1n=1

N. N, )
= H H H (A2 sin? k(@ + BZ>

£ a=1n=1

Ne
— H AANNT H (2 cosh N, E + 2 cos (¢pg — iN;p))* (11)

a=1

where we define

D ? D
A2—1+(d3+DT—E\/1—T27T4) , B:m—l—E\/l—FrQa, (12)

. (B B B\’
E = arcsinh (Z) = log 1 +4/1+ (Z) ; (13)

with k% = kn 4+ ¢o /N, — iu. By integrating the temporal gauge field ¢, we derive

Ne

/DU4 H AN H (2cosh N E + 2 cos (¢q — iNrﬂ))4 = H Z det (QnJri*j)lSi,jSNc ’
z a=1 Z LneZz
(14)
" do . |
Q, = o (2cosh N, E 4 2cosf) e "%, 0 =¢—iNp. (15)
7
For N. = 3 these (),, are explicitly given as
Qo = 2(8cosh® N.E + 24 cosh? N, E + 3)
QQ+1 = 8cosh N.E(4 cosh? N, E + 3)eiNT”
Q4> = 4(6cosh® N, E + 1)+
Q15 = 8cosh N, E 3N+
Qui = =i
As a result, the effective free energy is given by
N.D 2\ 2 2\_2
Feg(o,mg;m, Ty, dsg) = 1 (A+7*)o*+ (1 —r*)7m;) — N.log A
T
—log { X det (Quiiey)icijen, | - (17)
nez

Here we redefine the free energy 4F.¢ — Feog. The calculation of the determinant part for

N, = 3 is moved to Appendix A 2. We here show only the result as

Z det (Qnti—j)i<ij<n.

nezZ

FE E E FE FE FE
= 8 ( 1+ 12cosh? = ht=) (15— h? = +1 h* = — 32cosh® = + 64 cosh® =
8( + 12 cos T—|—8cos T) ( 5 — 60 cos T+ 60 cos T 32 cos T—|—6 Cos

4 cosh —= cosh — | —1 4 h* — h* — h® —
+64 cos 7 cosh — ( 5 + 40 cos T + 96 cos T + 320 cos -

+80 cosh 7 (1+Gcosh T+24cosh T—l—SOCosh 7

dpp

3 E F
+80 cosh % cosh — <—1 + cosh? ?> + 2 cosh T

T
with
P = 3. (19)



